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Abstract 

Minimum execution time scheduling of task systems with resources has been die subject of several 
papers over the past few years. The model used for much of mis work assumes that the resources in the 
system arc continuous. ITiat is, there is one unit of each resource, and a task may require any portion of 
that unit during its execution. While this is a reasonable assumption for certain bin packing applications, 
it is intuitively unreasonable for certain other applications. In particular, the resources associated with 
computer systems - readers, printers, disk drives - arc not "continuous" resources. We present an 
alternative model of task systems with resources in which the resources are discrete . That is, there are a 
specific number of indivisible units of each resource and a task may require only integral numbers of 
those units. Several results involving the worst case performance of list scheduling and critical path 
scheduling with respect to this model are given. A new result on critical path scheduling of task systems 
with continuous resources is also given. Finally, a comparison will be made between corresponding 
bounds for the continuous and discrete models. 
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Chanter 1 • Task Systems 

Over the past fifteen years one of the most active areas of computer science and industrial 
engineering research has been the scheduling of large systems. This research has been motivated both by 
the existence of large industrial scheduling problems and by the existence of high speed digital 
computers to solve those problems. Moreover, the models used to study these scheduling problems have 
attracted great theoretical interest, and as a result, an immense quantity of research has been done on 
them. 

In general, a scheduling problem is of the following form: Given a set of tasks which need to be 
completed, produce a schedule of minimum length for completing those tasks. Often, there are a 
number of constraints placed upon the form that the schedule may take. For example, some tasks may 
need to be completed before others can be started, or there may be a limit on the number of tasks that 
can be "in progress" at any given time, or some tasks may require longer to complete than others. Many 
types of constraints are possible. 

It should be apparent, even from the informal description given above, that the scheduling of 
systems of tasks is not trivial, and that ad-hoc methods have almost no chance of producing even near 
optimal schedules, much less optimal schedules. The obvious approach then is to formulate a standard 
set of rules (hopefully, a good set) for producing schedules. Indeed, the design and analysis of algorithms 
for scheduling has been the primary area of research concentration. For some classes of task systems, fast 
algorithms have been developed which produce optimal schedules for those systems. For other classes of 
task systems, it has been shown that rinding algorithms which produce optimal schedules in a reasonable 
amount of time is unlikely. For these classes of task systems, the research has focused on producing 
good, polynomial time, heuristic algorithms. That is, algorithms which, in a reasonable amount of time, 
produce good, though not necessarily optimal, schedules. In conjunction with this, the performance of 
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various simple and/or fast scheduling algorithms has been analyzed, so as to provide a performance 
"benchmark" that more complicated algorithms can be compared to. 

In this chapter we define the notions of a task system, of a schedule, and Of a number of related 
concepts that we will use throughout this thesis. We also give a summary of the major results pertaining 
to the basic task system model which we describe here. 
1.1 The basic task system model 
A lasfc system is a system S = <T, <, m> where: 

1. T = {Tj, ... , T n } is a set of tasks - associated with Tj is a positive integral execution time tj. 

2. < is a partial order specifying precedence fiQQSjrajnjs between the tasks. 

3. There arc m identical processors. 

With respect to the precedence constraints, we have the following definitions: If Tj < Tj, then T: is a 

Successor of Tj, and Tj is a predecessor of Tj. We will represent the partial order by a directed acyclic 

graph (dag) with one node for each task and one arc for each relation in the partial order. We assume that 

there are no transitive edges in the dag. Two examples of task systems are given in Figure 1.1 - one is a 

fully general task system and the other is a task system in which all of the tasks have an execution time of 

one. 

A valid schedule for a task system S, is a mapping a : T -*■ (N - {0}) such that 

1. For all / € (N - {0}), m > |{Tj € T: ofTj) < / < ofTj) + tj - 1}]. 

2. If Tj < Tj, then a(Tj) + Tj - 1< a(Tj). 

These two conditions correspond to our intuitive notion of what constitutes a schedule: that the tasks be 
executed on m processors subject to the precedence constraints. More specifically, the first condition 
ensures that at most m processors are in use at any given time. The second condition ensures that the 
precedence constraints arc not violated. That is, if Tj < Tj. then Tj must have completed execution before 
T: can begin execution. 



Figure 1.1 : Basic task systems 
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a) A task system with 3 processors and 7 tasks. The task execution times are given beside the tasks in 
the dag. 
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b) A task system with 2 processors and 13 tasks. Each task has an execution time of one. 



Figure L2 : Valid schedules 



Schedule: 



Tune unit: 



A 


A 


A 


C 


E 


E 


E 


E 


B 


G 


G 


G 


G 


G 


G 


G 


^ 


D 


D 


ft 


F 


F 


F 


% 


1 


2 


3 


4 


5 


6 


7 


8 



a) A valid schedule for the task system given in Figure Lla. Cross-hatching is used to indicate idle 
processors. The mapping a is not given explicitly. 
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b) A valid schedule for the task sytem given in Figure 1.1b. 
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Given a valid schedule, we define for each i € (N - {0}), the set Bj = {Tj € 7^ a(Tp £ i £ tKTj>+ 
t- - 1}. Also, let a = min{i : (Nj > iXB: = 0]}. The schedule has length u, and consists of the w lime. 

units Bj B w . For each time unit Bj, if |B|| < m, then Bj has m - ^ MlS processors. Intuitively, we 

assume tliat the processors are numbered from 1 to m, and that processors 4 through |Bj| bave tasks 

'':. -. - .-# -X ■ 

*«,-' ■. - '- -* -■•" 

executing on them and that processors |Bj| + 1 through m are idle. Examples of valid schedules for the 
task systems in Figure 1.1 arc given in Figure 1.2„ 

Finally, we note that there are a number of criterion for determining the "goodness" of a schedule. 
The most widely used, and in many senses the most natural, is that of minimizing the schedule length. 
This criterion is refered to as the minimum execution time oj latest fini s hin g Ujqc. criterion; This is the 
measure of optimality that we use throughout this thesis. 
1.2 Common submodels 

The model of task systems presented above provides a starting point for virtually all theoretical 
scheduling research. This model has proven however, to be extremely difficult to deal with in its full 
generality. Moreover, many practical applications are most effectively analyzed using various 
submodels of the model given above. Most of the research has focused on two particular submodels of 
the basic task system model. These submodels are: ; 

1 . Task systems where < is empty. That is, mere are no precedence coostraiats in the system. 

2. Task systems where all of the task execution times arc identical. In thfe case we assume without 
loss of generality that each *>; = 1. These are unit execution time (UET^task systems. 

With the exception of Chapter 7, we will deal exclusively with UET task systems in this thesis. 

U S chedulin g algorithms 

In this section we describe the three types of schedules which wc wit! utilize. 
1.3.1 List schedules 

List schedules arc the most basic of the schedules which we will examine. They arc of particular 
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interest not only because of their simplicity, but also because most interesting scheduling algorithms 
produce schedules which form a subclass of the list schedules. Intuitively, a list schedule is formed as 
follows: Consider any (ordered) list L, of the tasks in T. fhet^sks are scheduled las follows: Whenever a 
processor becomes idle, the list L is instantaneously scanned from its beginning until a task T (if any) is 
found all of whose predecessors have completed execution. Task T is assigned to the idle processor and is 
removed from L. 

More formally, a task Tj is ready at time / if for every T: such that T: < Tj, a (T:) + t ■. - 1< /. A list 
schedule is a valid schedule which is generated as follows: 

1. Initially, L is an (ordered) list of the tasks in Tand /is 1. 

2. While L is nonempty perform mis step 

a. Letk = |{T i €L:o(T i ) ^/^fffT^ + Tj-l}! 

b. For each of the first m - k (or less, if there aren't m - k) ready tasks Tj, on L at time I let 
»(Tj) = /and remove Tj from L 

c. Let / = 1 + min {a(Tj) + Tj - 1 : Tj < Land o@fc+ Tj ^ £ #• 

Figure 1.3 shows an example of a list schedule for the UET task system gives in Figure 1.1b. 

List schedules are particularly attractive when dealing with UET task systems. In this case the 
restriction that only list schedules (and subclasses of list schedules) he considered a& possible schedules for 
the task system causes no loss of generality. To see this; consider any schedule for a UET task system, 
and assume that schedule consists of time units B^, ... ,-'B . A schedule with length no more than w 
results from the list consisting of the tasks in Bj, followed by the tasks in fl^, followed by the tasks in B3, 
and so on, ending with the tasks in B w . Figure 1.4 shows that it is not generally true for non-UET task 
systems that there is always a list schedule of minimum length among all schedules for the system. 

Finally, for list schedules, note that given a list L, the corresponding schedule (i.e. the mapping a) is 
uniquely determined. For this reason, it is common practice when dealing with list schedules to simply 
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Figure 1.3 : A list schedule for the task system in Figure 1.1b. 
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Figure 1.4 : List schedules are not best for non-UET systems. 
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Task execution times are given beside the tasks. 
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A list schedule: 
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In fact, a(B) = 1 in eyea list schedule for this system. 
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give the list L, along with an informal description of the underlying schedule. Hie mapping q is riot 
formally specified, because it tends to obscure, rattier than illuminate, the nature of the schedule. 
Throughout this thesis we will follow the practice of specifying on>tbe list and not the mapping a. 
1.3.2 Critical oath schedules 

Critical path schedules are one of the most widely studied subclasses of list schedules. Intuitively, 
these are schedules in which the tasks are ordered within tbeMaaordmgto their distance from a leaf of 
the dag which represents the precedence structure (a leaf is a node widi no successors). The idea is that 
tasks far from the leaves should be executed first 

More formally, the IsxeJ of a task in the precedence structure may be defined as follows: If T: has 
no successors, then leveKTj) = 1; otherwise, leveKTj) = L^>pi{Jf%^); Tj <T^i A critical oath 
SShedjuJe. is a list schedule derived from a list having the property that for any two tasks T arid S, if 
level(T) > leveKS), then T precedes S on the list Because fhe list contains the tasks ordered according to 
their levels, these schedules are also called JcjcJ acbciluJss. An example of a critical path schedule is given 
in Figure 1.5. 

As noted above, critical path schedules have been studied exteflsftely. They are of substantial 
pracUcal and theoretical interest for three reasons: First, the^riethod is intuitively appealing. Second, 
the method is applicable to any system having precedence constraint. Thirl, ttiese schedules are easy to 
construct - using breadth first search the list can be constructed in time linear with the number of edges in 
the dag representing the prccedenceconstrainS. 
1.3.3 Coflttian-firafyiffl schcdn^ 

Cofftnan-Graham schedules are the third class of schedules we utilize. These pchedules are a 
subclass of critical path schedules in which the tasks of eaeh 4^are«^^ inla particular way. 
Specifically, Coffman-Qraham schedules arc a class of list schedules for which the list is formed according 
to the following rules: Each task is assigned a label as follows: 



Figure 1.5 : Critical path schedules 
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The numbers beside the tasks are the levels of the tasks. 



Critical path list: (ABCEDFGHI J KLM) 



Schedule: 



lime unit: 



*$ 



H 



•** • 



M 



2 



4 5 6 7 



Figure 1.6 : Coffman-Graham schedules 
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The numbers beside the tasks are the Coffman-Graham labels of the tasks. 
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1. Select a task which has no successors and assign label 1 to that task. 

2. Assume that labels 1 i - 1, have already been assigned. For each unlabeled task T, all of 

whose successors have, been labeled, form a list (in decreasing order) of the labels of Ts 
immediate successors. Assign label i to the task whose Bstisleiiksogjraphieally thesmaSest. 

The list used to do the scheduling contains die tasks in decreasing order of their labels. An example of a 
Cofftnan-Graham labeling and the corresponding schedule are given in Figure 1.6. 

These schedules were first investigated by Coffewn and Graham (CGJ in conjunction with UET 
task systems where m- 2. As we note in me next section* Cofftnan-Graham schedules are guaranteed to 
be optimal in this limited case, while list and critical path schedules are not Since dw initial work of 
Coffinan and Graham, these schedules have been investigated by several other researchers, including 
Lam and Sethi, Goyal, Leung and Jaffe (LS, Go, Le, JaJ. in general, the ^^ mathematical properties of 
Cofftnan-Graham schedules make mem easier to analyze than the more general case of critical «ath 
schedules. However, because Coflman-Graham schedules aee a subclass of critjcal;path schedules, certain 
results about Coflman-Graham schedules - in particular, lower bounds on worst case performance - can 
be applied to critical path schedules as well. We will make use of mis relationship in Chapter S. 
1.4 A survey of major results 

In the remainder of this chapter we survey the major results pertaining to the minimum execution 
time scheduling problem for the bask: task system model and to the tbi*e,types of schedules which we 
utilize. These results are basically of two kinds: cither they are JNP^ompleteness results, therefore 
implying that finding algorithms which produce optimal schedules in a reasonable amount of time is 
unlikely; or they are bounds on the worst case performance of list, critical path or Cofftnan-Graham 
scheduling. We first briefly review die notions of NP-comptetencss. 
1.4.1 NP concep ts 

Throughout this thesis a recurrent concept is the notion of a problem being NP-complcte or 



•18- 
NP-hard. In this section wc give a brief description of these ides. The reader is refered to the book by 
Garey and Johnson [GJ79] for a detailed discussion. 

The set NJJ consists of all languages which can be recognized by a nOndeterministic Turing machine 
in polynomial time. Similarly, the set P_ consists of all languages which can be recognized by a 
deterministic Turing machine in polynomial time, it is not known whether P is properly contained in NP. 
A language L Q in NP is NP-eomplete is the foHowmg condition is satisfied: 

Given a deterministic algorithm of time complexity T(fl) ^ n for recognizing L Q , for each 
language L in MP, there is an effective way to find a deterministic algorithm of time complexity 
T(p(n)) for recognizing L, where p is a polynomial depending on L. 
Clearly, if any NP-complete language is in P, tiien P * NP. The usual method of showing that a 
language L Q is NP-compIcfe is to show that: 
1. L isinNP 

1 There exists an NP-complete language L, which is reducible to L Q in deterministic polynomial 
time. 
A language for which the second condition can be shown, but not me first is N p-hard. The recognition of 
such languages is at least as hard as the recognition of NP-complete languages. 

Finally, we note that it is widely believed that P * NP. This belief springs from the fact that there 
has been an immense amount of time and energy devoted to finding a polynomial time algorithm for 
NP-ccwpfete problems. Moreover, it is generally acknowledged that obtaining lower bounds on time 
complexity arc among the hardest types of results to obtain. This may help to explain why no one has 
been able to show P * NP.^ven though most researchers beneve that is ti*e case. Thus, there » strong 
evidence that polynomial time algorithms for obtaining sotutkms to NP-complete problems do not exist 
This leaves us to concentrate on the performance of heuristic algorithms for these probtems. 
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142£Eisaj]is 

There are two important NP-completeness results pertataing to finding minimum length schedules 

for task systems. 

For UET task systems with m processor, UUman fU73, U7S; U7«l has shown that finding 
minimum length schedules is NP-comptete. Lenstra and Kan |LKJ have/sbown the same result using a 
different construction. A major open problem is whether m« result is true for any fixed m *£ *• Th# *• 
whether, for any fixed number of processors m ^ 3, finding minimum length schedutes for UET task 
systems with m processors is NP-complete. M nientioaed earlier, when m • *? 2, thefeij a polynomial 
time algorithm for finding minimum length schedules. Also, if the precedence constraints are restricted 
to a forest, then mere is a polynomial time scheduling algorithm. Bom of these results ate given in the 
next section. 

For task systems with unrestricted task execution times and no precedence constraints. Bruno, 
Cofrman and Sethi [BCSJ have shown mat finding mimmum length schedules is NP-hard even for 
systems with just two processors. 

Finally, both UHman [U73, U75, U7oj and Lenstra and Kan {LKJsbave shown the following: That 
finding minimum execution time schedules for task systems with two processors, precedence constraints, 
and task execution times restricted to be either lor 2, is NP-eomptete. 

1.4.3 Performance results 

As evidenced by the NP-completeness results given in me previous section, for most interesting 
scheduling problems it is unlikely that polynomial time algorithms «*ist which produce optimal 
schedules. For this reason, most of the research attention has been on analyzing the performance of 
various heuristic scheduling methods. Almost all nfthcae reatiha involve- worst case performance. That is, 
an upper bound is given for the ratio of the length of a schedule of a particular type (for instance, a list 
schedule) to the length of an optimal schedule for the same task system. In this survey we restrict our 
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attcntion to the worst case performance of list, critical path and Coffrnan-Graham schedules. Again we 
note that most useful scheduling algorithms can be formulated as algorisms which produce schedules 
which are a subclass of the list schedules, and that critical path and Coffrnan-Graham schedules have 
properties which make them particulaiiy attractive, both theoretically and pratakarfly. 

Many of ae results which we cite are also die best possible results. Ihtsmeans that the result is 
both an upper and lower bound on the worst case ratio between the length of a schedule of the particular 
type and the length of an optimal schedule. That is, thsretexlstfca task system, a schedule of the particular 
type and an optimal schedule for that task system, such that the ratio of 5fte schedule lengths is arbitrarily 
dose to the upper bound. 

Throughout this mesis, given a task system S, we use dw following four values when citing various 
results: 

OPT is the length ofan optimal schedule for 5 

LIST is me maximum length of any list schedule for S 

CP ATH is the maximum length of any critical path schedule for S 

CG is the maximum length of any CofflnanOraham schedule for S 
Before actually giving any results, we note mat trtere are two exeeflent references for die interested 
reader. Most of the major results cited in this and the previous section are given a foil treatment, 
including proofs, in the book by Coffinan |CL Secondly, a near exhaustive listing ef scheduling results 
for many kinds of task systems and scheduling algoritinmvis given in JGLLKJ. 

The most extensive research with regard to the schedules that we arc considering has been done for 
VET task systems. Some of ti>e earliest work was done by Graham {G66J who showed that LIST/OPT 
<> 2 • 1/m, and mat this is the best possible rcsuk. Chen {Ch) has shown mat CPATH/OPT g 4/3 if m 
= 2 and that CPATH/OPT £ 2 - l/(m - l>4f m > 3. Each portion of tins bound is the best possible. 
This result shows that critical patii schedules have slightly better worst case behavior than do list 
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schedules in die general UET case. If the precedence, structure 4* restricted to a tree, Hu [H] shows that 
critical path schedules are optimal 

With regard to Coffcnan-Graham schedules and the UET case, there are two major results. If m = 
2, then Coffman and Graham ICG] have shown Aat these schedules a«e optimal. If m ^ 2, then Lam 
and Sethi [LS] have shown that CG/OPT < 2 - 2/m, and thaMhis is the best possible result An 
alternative method of producing optimal schedules when m * 2 is given by Fuju, Kasami and Ninomiya 
[FKNJ. This method is based on maximal matchmgs and has not been generalized for systems with more 
than two processors. 

With respect to task systems with no precedence constraints and arbitrary execution times, there are 
several interesting results pertaining to list scheduling. Graham fG$&has shown that in this instance, 
LIST/OPT <J 2 - 1/m, and that this is the best possible result. Thi&is exactly the same bound as was 
given for LIST/OPT in the UET case. In fact, Graham [G 66] has shown that this sane bound holds, 
even for task systems with bpJll precedence constraints and unrestricted task execution times. Graham 
[G69] has also shown the following result which explicitly incorporates the task execution times: 
LIST/OPT ^ 1 + (m - lXmax{T t : Tj £ 1}]/^ € T r$. Note that both Coffinan-Graham and critical 
path schedules are equivalent to list schedules in this context because there are no precedence constraints. 
There are, however, a number of other types of schedules which have been studied for this submodel. 
Most of these arc subclasses of list schedules in which the tasks are ordered in the list based on die task 
execution times. Again the reader is refcred to [C] and JGLLK] for a thorough treatment 

li Extensions 

For many practical applications the basic task system model presented here has proven to be 
insufficient. For this reason, and out of theoretical curiosity, a number of extensions to the basic task 
system model have been investigated. 

One major area of research in this regard has been the study of preemptive scheduling. In this 
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extension, a task may be interrupted during its execution and then continued later in «e schedule. For 
UET systems, this produces no new results, however for systems where task execution tfmes are not 
restricted, this is an interesting and powerful extension. A large number of resuits have been obtained on 
preemptive scheduling, many of them analogous to foe results dtedm the previous^ection. Most of these 
results may be found in [CI and pjLLKJ. 

Other extensions to the basic model include the following: Lki and Liu fLi] and Jaffe |JaJ have 
investigated task systems with processors of different types - eaeh task specifies me type of processor that 
it must execute on. Ibarra and Kim [IK], Kafura and Shen [KS] and Jaffe [Ja] have investigated task 
systems where Ac processors have different speeds. Lloyd has studied UETtask systems where each task 
may require more man one processor during its execution. These results are presented in Chapter 8. 
Finally, a number of researchers have investigated task systems with resources. These systems are the 
mam focus of this thesis. 
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Oiafll££2:TasKSYrtcmsWiHiRgswrcgs 

For many practical scheduling problems the basic task system model presented in Chapter 1 is 
inadequate. For these problems, the performance bounds for the basic model are neither accurate nor 
informative. Intuitively, the basic model docs not take enough of the parameters of these problems into 
consideration to provide good bounds. For instance, consider the following three scheduling problems: 

1. A computer system has associated with it, in addition to processors, several types of resources, 
including memory, disk drives and printers. In general, there is a set of jobs to be executed on the 
system, and, depending on the circumstances, there may or may not be precedence constraints 
associated with these jobs. Each job has certain requirements with respect to the resources of the 
system. For example, a job may require 20K of memory, two disk drives and a printer. The 
problem is to produce a schedule for executing this set of jobs in a minimum amount of time. 
Clearly, for such a schedule to be valid, the demand of the jobs executing at any given time, for 
each resource, should hot exceed the available quantity of the resource. 

2. A large construction company possesses a certain amount of equipment: bulldozers, trucks, cranes, 
etc. In addition, the company has a number of employees. Together the equipment and the 
employees constitute the resources of the company. In general, there is a set of construction 
projects for the company to complete. Each project requires certain pieces of equipment and 
numbers of people. Here again, the problem is to produce a schedule for completing the projects 
in a minimum period of time, given the resources of the company. 

3. An idealized bin packing problem is the following: Given a set of items and a set of bins , pack the 
items into a minimum number of bins. The items arc of identical size and shape, although they 
may vary in other parameters - for instance, in weight and cost. The bins are identical in all 
respects. In addition to having a fixed size and shape, the bins have fixed capacities with respect to 
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the other parameters of the items. For example, there may be limits on the total weight and total 
cost of the items packed into any single bin. In addition, there may or may not be a limit on the 
total number of items that can be packed into any single bin. The problem is to pack the items 
into a minimum number of bins without violating the capacity constraints of the bins. 
The outstanding feature of each of these problems is the presence of a resource constraint. These 
constraints are sufficiently powerful, that it is unreasonable to expect that using the basic task system 
model for analyzing the performance of scheduling alogrithms for these problems will provide useful 
results. The power of these constraints can, however, be captured by extending the basic task system 
model to include a set of resources. Each task may require some or all of the resources during its 
execution. Such a task system with resources can be used to effectively model each of the three problems 
outlined above, although for problem 2 and possibly for problem 3, mere is no processor constraint We 
will return to the nuestion of processor constraints in a later section. 

In the remainder of this thesis we deal exclusively with task systems with resources. Depending on 
the exact nature of the problem under consideration, there are two alternative formal models of task 
systems with resources that may be utilized. In the next two sections we examine those two models. 
2.1 Task systems with continuous resources 

In this section we examine task systems with continuous resources. This model has been used to 
obtain almost all performance bounds for the scheduling of task systems with resources to date. 
2.1.1 The model 
A UKT task system with continuous resources is a system S = <T, <, m, s> where: 

1. T = {Tj, ... , T n } is a set of tasks - associated with Tj is a positive integral execution time tj. 

2. < is a partial order specifying precedence constraints between the tasks. 

3. There arc m identical processors. 

4. s is the number of different resources. It is assumed that s > 1, that there is exactly one unit of 



each resource, and that each task may require any portion of that one unit for each resource. 
For each task Tj and each resource v, R v (Tj) € [0, 1] spoeifies (he pettton of resource ^requited by task 
T: during its execution. Because a task may require an v portion of each resource (alt none, 1/2, or 
.000001, for instance) we say that me resources are oojQ^njiflus. 

A valid schedule for a task system with continuous resources S, s is a mapping a:T ■*» <N - {0}) such 
that: 

1. For all / € (N - {0}), m > |{Tj € V, a(Tj) <, I £*KT^+ ? f ? 1& 

2. If Tj < Tj, then ofTj) + tj - 1< ofTj). 

3. For all / e (N - {0}), and v, 1 < v < s, 1 £ 2 RyfTj) summing over all Tj such that 
ff(Tj)</£<KTj) + T r l. 

This definition is identical to the one for basic task systems, except for condition 3. This last condition 
insures that at any given time unit, the currently executing tasks do rioticquirc more than one unit of 
each resource. 

Intuitively, a list schedule for a task system with continuous resources may be constructed as 
follows: Initially, let L be any (ordered) list of the tasks ia 7*. "Rie tasks are scheduled as foBows: 
Whenever a processor becomes idle, the list L is instantaneously scanned from its beginning and the first 
task T (if any) which meets the following criteria is removed from L and assigned to the k^proccssor : JL : 
Each task T= such that T: < T, has canpleted execution and 1 lf{r|, ...» r^ feprescnts the total resource 
requirements of all currently executing tasks, men for each resource v, r y + R V (T) <a 1- This last 
requirement guarantees that the currently cx^uting tasks (to notrequw more man a total of one unk for 
any resource. More formally, a lis* , schedule for a task system with continuous resources is a vaiki 
schedule which is generated as follows: j 
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1. Initially, L is an (ordered) list of the tasks in Tand / is 1. 

2. While Lis nonempty perform this step 

a.Letk = |{T i <L:ir(T i )^/<0<T i ) + T i -l}| 

b. For each v, 1 < v < s, let r y = 2 R y (Tj) summing over all Tj such that 
oViyZl^vUP + Ti-l 

c. Let L ' be a list of the ready tasks on L at time £ the tasks in the same order on L ' as on L • 

d. While L' is nonempty and k < m perform this step 
i. Let T be the first task on L • 

ii. If for each v, 1 < v < s, r y + R V (T> ^ 1, 

then let a(T) = /, let k = k+1, for each v, let r y =* t 1f + R i /J% and rcmoveT from L 
ui. Remove T from L' 

e. Let / = 1 + min {ofty + tj - 1 : Tj C L and «rfTj) + T| - 1 £ 

An example of a task system with continuous resources and a list schedule for that system is s^ven in 
Figure 2.1. 

We note that critical path and Coffinan<5raham schedules retain their original definitions of being 
particular subclasses of fist schedules. 
2.1.2 Shortcomings 

There are two major shortcomings of the task system with continuous resources model. 

First, the assumption that the resources arc "continuous" is not an accurate reflection of either 
existing computer systems or of many industrial scheduling problems. In Qibsc Instances, resources are 
much more "discrete" in nature than they arc "continuous". For instance, computing resources such as 
tape drives and line printers arc generally available only in small quantities and a task can require only 
whole units of them. Moreover, while memory may be thought of as being continuous due to its large 
size, it is debatable whether memory should even be viewed as a limiting resource in terms of practical 
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Figure 2.1 : Example of a task system with continuous resources 
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computation. 

Second, the performance bounds that have been obtained for various heuristics with respect to the 
continuous resources model, depend on the number of different resources, but not on the actual number 
of discrete units of each resource. For systems in which the available quantities of the resources are small, 
the actual worst case performance of various heuristics may be much better than these bounds indicate. 
7,7 Task systems with discrete resources 

To try to overcome the perceived shortcomings of the task systems with continuous resources model, 
we consider a model of task systems with discrete resources - there is a fixed number of indivisible units 
of each resource which tasks may require during execution. 
2.2.I The model 
A task system with discrete resources is a system S - <T. <,m,s> where: 

\.T- {T lt .. . T n } is a set of tasks - associated with J- x is a positive integral execution time r- Y 

2. < is a partial order specifying precedence constraints between the tasks. 

3. There are m identical processors. 

4. s is the number of different resources. It is assumed that s £ 1, that there are r } indivisible units of 
resource i, and that a task may require only integral numbers of these units for each resource. 

For each task T { and each resource v, R v (Tj) specifics the number of units of resource v required by task 
T during its execution. Because a task may require only integral numbers of units of each resource, we 
say that the resources arc discrete. 

A valid schedule for a task system with discrete resources S, is a mapping o:T -*■ (N - {0}) such 
that: 

1. For all /€ (IN - {0}), m > |{Tj € r. <r(Tj) £ / £ ofTj) + tj - 1}|. 

2. If Tj < Tj, then <r(Tj) + r { ■ 1< ofTjX 

3. For all / € (N - {0}), and v, 1 < v < s, r y > 2 R y f ty summing over all Tj such that 
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^(Tj) < / < fffTj) + r r 1. 

This definition is identical to the one for basic task systems, except for condition 3. This last condition 
insures that at any given time unit, the currently executing tasks do tu)t require more than the existing 
number of units of each resource. 

Intuitively, a list schedule for a task system with discrete resources may be constructed as follows: 
Initially, let L be any (ordered) list of the tasks in T. The tasks are scheduled as follows: Whenever a 
processor becomes idle, the list L is instantaneously scanned from its beginning and the first task T (if 
any) which meets the following criteria is removed from L and assigned to the idle processor: 1. Each 
task T: such that Tj < T, has completed execution and 2, fffrj., ... , r $ J represents the total resource 
requirements of all currently executing tasks, then for each fesoaree *v| ■••** y l -fr R V (T) <, r y . More 
formally, a ]& schedule for a task system with discrete resources is a valid schedule which is generated as 
follows: 

1. Initially, L is an (ordered) list of the tasks in Tand / is L 

2. While L is nonempty perform this step 

a. Letk = |{T i €L:o(Ti) £ /< oCty + Ti -l}| 

b. For each v, 1 < v <. s, let r y = 2 R y (Tj) summing over all Tj such that 
aCTi^/^aCty + Ti-l 

c. Let L' be a list of the ready tasks on L at time /.the tasks in the same order on L' as on L. 

d. While L' is nonempty and k < m perform this step 
i. Let T be the first task on L' 

ii. If for each v, 1 < v ^ s, r y + R y (T) < r^ 

then let cr(T) = /, let k = k + 1, for each v, let r y = r y + R y f I) and remove T from L 
iii. Remove T from L ' 

e. Lct/= 1 + min {0(Tj) + tj - 1 : Tj < Landerfjj) + Tj-l>/f 
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Figure 2.2 : Example of a task system with discrete resources 
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An example of a task system with discrete resources and a list schedule for that system is given in Figure 
22. 

We note that critical path and Gofrman-Graham schedules retain their original definitions of being 
particular subclasses of list schedules. 
222 Pi«»ss>on 

We arc not the first to consider task systems with discrete resources. The original formulation of 
task systems with resources by Garey and Graham [GG73, GG75J involved discrete resources. Moreover, 
an NP-completcness result of Ullman [U76J involves discrete resources. However, as far as performance 
bounds are concerned, almost all of the previous wort has been tone for systems with continuous 
resources. The only results pertaining to the discrete model are seme limited results of Goyal [GoJ and 
Leung [Lc] involving systems with f>l resources. These am systems with exactly one indivisible unit of 
each resource. A task either requires all of a resource or none of it 

As noted earlier, the discrete resources approach is designed to overcome the perceived 
shortcomings of the continuous resources approach. The performance bounds for systems with discrete 
resources will incorporate the values tj, ... , r s (these are the number of unite of each resource). This 
means that the performance bounds will distinguish between task systems with different numbers of the 
same resource, unlike in the continuous resources ease. They wiB also be able to indicate the effect on 
performance, if additional units of an existing resource are added to die system. 

In the remainder of this chapter, we survey the NP-compteteness results involving task systems with 
resources (discrete and continuous) and discuss the role of processors in this model. 
2.3 Whv study heuristics? 

In our discussion of bask task systems in the previous chapter we mentioned several 
NP-completcncss results regarding the minimum execution time scheduling of tiiose systems. As might 
be expected, much the same results exist for task systems wkh resources. In this case however, the results 
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are more definitive than for basic task systems. Ullman [U76] has shown that finding minimum 
execution time schedules for UET task systems with discrete resources is NP-complete, even for systems 
with only two processors, one discrete resource with one unit (and arbitrary precedence constraints). For 
continuous resources, Garey and Johnson [GJ74] show that finding rmnimumexecution time schedules is 
NP-complcte for UET task systems witii three processors, one continuous resource, and no precedence 
contraints. They also show [GJ74] that finding minimum execution time schedules is an NP-complete 
problem for UET task systems with two processor one continuous resource and precedence constraints 
restricted to a forest 

From the above results we can conclude that for virtually all interesting scheduling problems for 
task systems with resources, it is unlikely that polynomial time alogriihnw^ist which produce optimal 
schedules. This leaves the study of heuristic algorithms for scheduling. In this thesis we examine list and 
critical path schedules. As noted in Chapter 1, these are the two simplest and most intuitive scheduling 
heuristics for UET systems. We will not be particularly concerned with Coffman-Graham scheduling, 
except in one instance where we use it to get a lower bound on the worst case performance of critical 
path scheduling. ITie reason for this lack of intense interest in Cofftnan-Graham scheduling is that, 
particularly when dealing with extensions of the bask cask system model, experience has shown mat the 
difference in the worst case performance of critical path and Coffman-Graham scheduling is very small 
relative to the worst case bound. Because this difference is so small, the analysis of the performance ef 
both critical path schedules and Coffman-Graham schedules is of little or no practical interest 
2.4 The processors question 

In both of the models of task systems with resources wc study, there is a set of m processors. The 
role that these processors should play in this modfcl is a serious question, both theoretically and 
practically. There arc two distinct schools of thought on this issue. 

One approach is to assume that the processors play no role in constraining the schedule. In this 
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case, it is assumed that the number of processors is at teast as large as the number of tasks in the system 
(i.e. m > n = |71). This assumption means that given any time units Bj, Bj with j > i. and any task T € BL 
the reason that T did not execute in B- is due to either a resource constraint «r a precedence constraint It 
is not the case that Bj was "full", which would mean that there was "no room" fer T » Bj, As far as 
performance bounds arc concerned under this assumption, it is as if processors never appeared in the 
model at all. The quantity m plays no role in the bounds for task systems with no processor constraint 
For certain applications, this is a reasonable assumption - §er instance, applications 2 and 3 that were 
discussed at the beginning of this chapter In the scheduling problem for a construction company given 
there, there was m>mingcorrcspondmg to-a processor constraint in the bia packing problem it was noted 
that there may or may not be a limit on the number of items placed into any single bin (such a limit 
corresponds to a processor constraint). Much of the previous work on performance bounds for task 
systems with resources has been on systems without a processor constraint 

The second approach to the role of processors in the task system with resources model is that the 
processors aj£ vital in determining worst case performance, and that many applications demand a model 
involving processors. Even so, it can be argued that no generality is tost by using a "no processor 
constraint" approach, since processors can be treated as just another resource. That is, given a 
performance bound for systems with no processor constraint and a task system with s resources and a 
processor constraint simply apply the bound as if the system had s+l resources. However, from an 
intuitive viewpoint this approach is suspect, since processors are not "just another resource". The 
processor resource possesses certain characteristics that arc not shared by resources in general. In 
particular, every task requires exactly one unit of the processor resource - no more and no less. 
Furthermore, with respect to task systems with continuous resources, the processor resource is unique in 
that a task may not require just any portion of the resource, as was assumed for continuous resources in 
general. At least intuitively, there is no reason to believe that treating the processors as an additional 
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kind of resource will result ia meaningful worst case bounds. 

21 The problems iq te amited 

In this thesis we study minimum execution time scheduling of UET task systems with resources. We 
examine the following four models: 

UET task systems with continuous resources and no processor constraint 

UET task systems with continuous resources and a processor constraint 

UET task systems with discrete resources and no processor constraint 

UET task systems with discrete resources and a processor constraint 
We investigate the worst case performance of list and critical path scheduling for each of these models. 
We also compare tfie bounds for the four models and try to delineate the relationships between those 
bounds. 
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Chantcr 3 • List Scheduling 

In this chapter we study the list scheduling of UET task systems with resources. As noted in the last 
chapter, list schedules are the fundamental type of schedule which we consider, and most scheduling 
algorithms produce classes of schedules which are subclasses of the list schedules. Moreover, no 
generality is lost by restricting our attention to list schedules when dealing with UET task systems, 
because there is always a list schedule of optimal length. 

For comparison purposes, we again mention the following two results on the worst case performance 
of list scheduling for basic UET task systems (i.e. systems without any resources). If there is no processor 
constraint (m > n) then all list schedules are optimal. That is, LIST/OPT = 1. If there is a processor 
constraint (m > 2) then LIST/OPT < 2 - 1/m, and this is the best possible result [G66J. 
3.1 Continuous resources 

The major work on list scheduling for UET task systems with continuous resources is by Garey, 
et.al. [GG JY]. They show for a system with no processor constraint (m > n), that LIST/OPT < s-OPT/2 
+ s/2 + 1, and that systems exist for which LIST/OFF > sOPT/2 + s/2 + 1 - 2s/OPT. This upper 
bound can be compared to the corresponding result for UET task systems with no resources. That 
comparison shows that adding even a single continuous resource to a UET task system results in a 
tremendous degradation of the worst case behavior of list scheduling. That is, for a UET task system 
without resources, list schedules are always optimal, whereas the addition of a single continuous resource 
can result in list schedules having length quadratic in the length of an optimal schedule. This comparison 
confirms our earlier comments that performance bounds based on the basic model are probably not good 
indicators of performance for problems involving resources. 

For UEr task systems with continuous resources and a processor constraint, there arc no tight upper 
bounds. There are, however, two partial results. First, is the result of Garey, ct.al. [GGJY] cited above, 
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using s+1 resources instead of s - the extra resource accounting for the existence of the processor 
constraint This yields LIST/OPT ^ (s+l)OPT/2 + s/2 + 3/2. Second, Yao [Y] has shown that 
LIST/OPT < min{m, (m-l)sOPT/(2m) + 7(m-l)s/(2m) + 1}. As mentioned above, neither of these 
results is best possible. 
3.2 Discrete resources 

In this section we state and prove worst case performance bounds for the list scheduling of UET 
task systems with discrete resources. The only previous work for these systems is by Goyal [Go] and 
Leung [LcJ. Goyal investigated UET task systems with one discrete resource, where rj = 1 (there is 
exactly one unit of that one resource, so each task either requires all of the resource or none of it). He 
shows for systems with no processor constraint (m J> n), that LIST/OPT ^ 2, and for systems with 
processor constraints (m > 2), that LIST/OPT <, 3 - 2/m. Moreover, both of these results are die best 
possible. Comparing these bounds to those for UET task systems without resources, we note that die 
addition of one unit of one discrete resource caused the worst case ratio of LIST to OPT to increase by 1 
in the no processor constraint case, and by 1 - 1/m for systems with a processor constraint Leung 
investigated UET task systems with discrete resources in which each ^=1, under the restriction that each 
task may require at most one unit of resource (i.e. for each task T, Z| _ j Rj(T) < 1). He showed that 
LIST/OPT < min{m, (2-1/m) + s(l-l/m)}, and that this is the best possible result Our results 
generalize the results of Goyal and Leung. 
3.2.1 Two results 

We prove the following two results about the worst case performance of list scheduling for UET task 
systems with discrete resources: 

ITicorcm 3Jl: If m > n (no processor constraint), then LIST/OPT < 1 + r, where r = 2j = 1 ij. 
Moreover, this bound is the best possible. 
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Theorem 12: If m > 2 (a processor constraint), then LIST/OPT <, mmfm, (2-1/rii) + r(l-l/m)}, 

where r= E^j rj. Moreover, this bound Is the best possible. 
These results are proven in die next two sections. Before doing so, however, there are several remarks to 
be made about these two theorems. 

First, note the surprising role played by the resources in determining the worst case bound. The 
relevant quantity is not the number of different resources, but rather is the sum total of all the units of all 
the resources in the system. The number of different resources and the distribution of me r units of 
resource among mose different resources is no factor. This means that *he worst case bound for 
LIST/OPT is the same for a system with 1000 units of one resource as it is for a system with one unit of 
each of 1000 resources. This contrasts sharply WW* the results for UET task systems with continuous 
resources, where the key parameter is s, the number of different resources. 

Second, these bounds indicate mat for each unit of (any> resource added to a UET task system the 
worst case ratio of LIST to OPT increases by 1 in the no processor constraint case, arid by 1 - 1/m m the 
processor constraint case. This follows, because for r = 0, our results are identical to mose cited in the 
introduction to this chapter as the best possible bounds for LIST/QPT'fbr basic UET task systems (i.e. 
without resources). These results provide a clear indication of the role of the resources in determining 
worst case behavior. 

Third, unlike the situation for UET task systems with continuous resources, mere is a tight upper 
bound for UET task systems with discrete resources and a pYttecSsor constraint For that result, we note 
that the bound of m holds for every r J> m * 1 . ■ This indicates me point at which the processor constraint 
dominates the resource constraint with respect to theiwOrst ease performance of Hst scheduling. 
3.2,2 The tinner bounds 

In this section and the next we prove Theorems 3.1 and 3.2 - the Upper bounds in mis section and 
the lower bounds in the next. In bom sections we concentrate on the proof of Theorem 3.2 - the result for 
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systcms wjgi a processor constraint We dp this because those results are slightly more complicated (due 
to the presence of the processor constraint) than those for Theoreffl 3.1. At.4he-.end of each section we 
briefly indicate how to modify (hose results to obtain the r?^te^ the no processor consttaintcase; 
Lemma H: If m > 2 (a processor constraint), then LIST/OPT ^ minim, (2-1/m) + r(M/i»)}, where 

Proof 

Assume that a IJET task system iwith discrete resources is given. We prove the result by obtaining a 
lower bound on OPT, and an upper bound on LIST. Combining these bounds gives an upper bound 
for LIST/OPT. 

We make use of the Mowing notation throughout the ppoof: Let k be the length of a critical 
path in a directed acyclic graph representing Ae precedence corou*ints. arid for e^re^ 
= 2 Rj(Tj) SMmming overall T- € T. That is, % i a the total demaodfor resource i among all of the 
tasks in the system. 

Consider an optimal schedule for the system. ■ Three observatfons can be made; Fust, an 
optimal schedule can be no shorter than k, the length of a critical path; Second, an optimal schedule 
can do no better than to have tasks executing on each of the processors during each tunc unit Third, 
for each resource, an optimal schedule can do no better than to have all units of that resource utilized 
during each time unit Thus, OPT > maxfk, n/rn< Xj/rj, ~j^x£. 

Now consider an arbitrary list schedule for the system. Such a schedule consists of two types of 
time units: Those in which all r#qccssorsJiavc tasks executing <HWhem, and those in which at least one 
processor is idle, The number of time writs with idle processors may be bounded above as follows: 
Whenever a processor is idle during a time unit, each unexecuted task, T, is prevented from executing 
on that processor for one of two reasons: Either a predecessor of T has not yet executed, or, for some 
resource j, the demand for resource j by tasks executing during that time unit, together with the 
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demand for resource j by task T, exceeds x y It is well known that there can beat most k time units in 
which only the first constraint prevents tasks from executing, Nlowetfer, at each time unit where the 
second constraint prevents some task from executing, at least one unit of some resource must be 
required by some task executing in that time unit Hence, there are at most S^j xj time units in 
which there is an idle processor due, in part, to die second constraint. Thus, 
LIST < k + Zf _ j xj + (n-k-2f = j_ Xj)/m = n/m + (l-i/m)k + (M/m)X} =1: xj. 
. * . LIST/OPT < [n/m + (l-l/m)k + (H/m)Zf _ l xj] / max{k, n/m, x^, ... , x s /r s } 

= (2-1/m) + r(M/m) . .* . 

Finally, note that for all m, LIST/OPT £ m, since 

1. A list schedule cannot have a time unit in which all processors are idte unless the schedule has 
completed. 

2. There are at most mOPT tasks in the entire task system. 

.'. LIST/OPT £min{m, (2-1/m) + r(l-l/ra)} D 

Lejrjmii2: If m > n (no processor constraint), then LIST/OPT <£ I + r, where r = 2?_ j rj. 

First note that since m ^ n, each time unit of any schedule can be treated as having at least one idle 
processor. Then, analogously to the proof of Lemma 3.L wean show that 

OPT>max{k,x 1 /r 1 x $ /r s } and LIST £ k + Sf^xj. 

.'. LIST/OPT < [k + 2? = j x,] / maxfk, xj/rj, _ yrj} 

<1 + Zf =1 ri ' 

= l + r. n 
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i2J The tower bounds 

In this section we prove that the upper bounds for LIST/OPT given in the previous section are the 
best possible upper bounds for fte worst case performance of fist scheduling for UET task system* with 
discrete resources. 
Lemma 3.3: Ifm > 2 (a processor constraint), then US' r/OPT < rtiin{m, (2-1 /m) + r(l-l/m)}, where 

r = S|_ j rj, is the best possible bound 
Proof 

We show that for any number of processors m, and any distribution of r units of resource, that 
the ratio LIST/OPT can be arbitrarily close to min{m, (M/M + rr>frm>}. We let r = Zf =1 q, 
where q is the number of units of resource L We assume that each r s is nonzero, and that r does not 
exceed m - 1. Now, let z be a multiple of m and consWcr a task system consisting of the following 
tasks: 

1. Tasks Aj.^.A^.^^ where eadiAj requires rw resources. ' 

2. Tasks Bj B z where Bj < B J+1 for 1 <; i -.£*•* 1 and where each B| requires one unit of 

resource s and units of all other resources. 

3. For each resource v, 1 < v < s, there are tasks D|f, ... , D\ , each of which requires all the units 

* 'v 

of all resources, and tasks C|jfor 1 <i<r y and 1 ^j <^rach of which requires one unit of 

resource v and units of all other resources. The exception is fts* tadcs r C* », ... , C* _ 

s* s^ 

require no resources. Furthermore, for caeftv and { I <f i <> j*"^ D[ < C\f < Cj2 * .- < C^ r 

Such a sequence of tasks will be referred to as me Dj chain. 
An example of such a task system for the case of s = 1 is shown in Figure 3.1. 

An optimal schedule for this UET task system with discrete resources has length OPT = z + r. 
In this schedule the D-tasks execute in the first r time units, and the C-tasks, B-tasks and A-tasks 
execute in the next z time units. During each of these z time units, r C-tasks, one B-task and m-r-1 
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Figure 3.L ' Task system used in Lemma 3 J. 
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Figure 3.2 : An optimal schedule 
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Figure 3,3 : A "bad" list schedule 

Schedule: 

Time units: 



Length = r + 1 



A-tasks 




K 


DJ-chain 


t^-Chain 


• • • 


D r -chain 


ti^MMfa 


^///^0£///////////////j 


(m-r-l)z 


i 


1 


z+1 


r z+1 




z+1 



m 



Length = [2 - 1/m + r(l -l/m)Jz + r 



-42- 
A-tasks execute. Moreover, all units of each resource are used daring each of these z time units. 
Figure 3.2 shows an optimal schedule for the ta&systenr &ven in Figure"3il. Note that an optimal 
schedule can be generated from the list (D-tasks, C-tasks, B-tasks, A-tasks). Such a list schedule will 
be identical to the one described here except that some of the A-tasks Hvill execute with the D-tasks 
instead of with the B-tasks and C-tasks. 

Now consider the list (A-tasks, B-tasks, D j-chain D^ -chain, Dj-dhain Dj[ -chain). In this 

schedule, the A-tasks execute in the first (m-r-l)z/m time units. All m processors are utilized during 
these time units. The B-tasks execute n the next z time units. Since each D-task requires; all the unite 

» 

of each resource, none of the D-tasks or C-tasks execute with the ft-tasks. Finally, (he D|-chai«i 
execute, one chain at a time. The execution of each chain requires £+1 time units. Thus, this 
schedule has length LIST = (m-r-l)z/m + z + (z+l)r = (2-1/m + r(l-l/m))z + r. Figure 3.3 
shows such a list schedule for the task system given in Figure 3.1. 
.". LIST/OPT = K2-l/m + r(l-l/ra))z + r\/(? + r) 
.'. limi^^^UST/err^^lAiO+rCI-l/ffl). 
Finally, if r > m - 1 then the bound of m ftjf JJ.IST/QET can beNa^iproaclied by considering a system 
with die same set of tasks as if r = m - 1, with die same resource r^uinsnientsaslf r =c m - 1. D 
Ijemma $£'. If m > n (no processor constraint), then L^ST/dPF *«g 1 # r, ^whefer = ^ =1 r^ is me 

best possible bound. 
Proof 

We show that for any distribution of r units of resources that' the ratio LIST/OPT-caa be 
arbi tt a rii yctoseto 1 + r. assuming ihat there is no processor eonstratiL We let r== Zl^Tj, where 
F| is the number of units of resource i. We assume drat each Tj is nonaero.Now. let z be an arbitrary 
integer and consider a task system consisting of the following tasks: 
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1. Tasks B lf ... , B z where B| < B^ 1 fix 1 . jjg * £ i * 1 and where each Bj requires one unit of 
resource s and units of all other resources. 

2. For each resource v.l^v^s, there are tasks Df,... ,D* .each of which requires all the units 

• .. y 

of all resources, and tasks CJj for 1 ^ i < r y and 1 £ j <. z, each of which requires one unit of 

resource v and units of all other resources. The exception is that tasks Ci i, ... , C5 _ 

r s ,A *s^ 

require no resources. Furthermore, for each v and i, 1 < i < r r Dj < Cjj < Cj 2 < .- < C j . 
This task system is identical to the task system described in the proof of Lemma 3.3, except that there 
are no A-tasks. Similarly to that result, an optimal schedule for this UET task system with discrete 
resources can be generated from the list (D-tasks, C-tasks, B-tasks). This schedule has length OPT = 
z + r. Also similarly to the proof of Lemma 3.3, consider the list (B-tasks, D}-chain, ... , Djji -chain, 
Df -chain, ... , D£ -chain). The schedule generated from this list has length LIST = z + (z + l)r = 
(l + r)z + r. 

/. LIST/OPT = Rl'+ r)z + r]/(z + r) 

limi^ _ oo LIST/OPT = 1 + r. □ 
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4aaai£E4:CritiC8l Path Sciiailliih^ • C ontimin.rc Ri^mm** 

In this chapter we study grjtjcjl path, schedulinf of UET task systems with continuous resources. As 
noted earlier, critical path schedules are a widely studied subclass of list schedules. For comparison 
purposes we again mention the following two results on the worst case performance of critical path 
scheduling for basic UEr task systems (i.c. systems without any resources). If there is no processor 
constraint (m > n) then critical path schedules are optimal. That is CPATH/OPT = 1. If there is a 
processor constraint (m > 2) then CPATH/OPT <> 4/3 if m = 2, and CPATH/OPT £ 2 - l/(m-l);f m 
> 3. These are the best possible bounds [Ch]. 
41 No Processor constraint 

The major work to date on critical path scheduling for UET task systems with continuous resources 
is by Garey, eLal. [GG JYJ. They show for a system with no processor constraints, that CPATH/OPT ^ 1 
+ 17s/10, and that this is the best possible result This result can be compared to the corresponding 
result for UET task systems with no resources (that result is CPATH/OPT = 1). That comparison shows 
that for every continuous resource added to a UET task system, the worst case bound for CPATH/OPT 
increases by 17/10. This result can also be compared to that for M SShsMflg of UET task systems with 
continuous resources and no processor constraint That comparison shows that the worst case behavior of 
critical path schedules is far better than that of list schedules for these systems - in the worst case, 
CPATH grows linearly with OPT, while LIST grows quadraticaUy with OPT. This contrasts sharply with 
the relationship between LIST and CPATH for UFr task systems without resources and no processor 
constraints, where both types of schedules arc always optimal. 
4.2 A processor constraint 

For critical path scheduling of UEr task systems with conUnuous resources and a processor 
constraint there arc only two limited results (aside from our work). First Yao fYJ has shown that 
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CPATH/OPT ^ min{ m, 2 + 2s - (2s+l)/m}. Second, the result of Garey, et,al {GGXY] given in the 
previous section can be applied using s+1 resources (the extra resource accounting for the processor 
constraint) yielding CPATH/OPT ^ 27/10 + 17s/10. In general, neither of these results is the best 
possible. In the remainder of this section we prove the following result about critical path scheduling of 
UET task systems with continuous resources: 
Theorenv41; If m >2 fa processor constraint), then 

CPATH/GPT£ m if 2£m<s + l 

(s+m+l)/2 if s+ l£m<2s + l 

(4s+m+3)/4 if 2s + l£m<8s/3 + l 

(14s+m+9)/10 if 8t/3 + 1 £ m< 3s + 1 
2+17s/10-(3s+l)/m if 3s + l£mandra£ 10 
2+5s/3-(8s/3+l)/ra if 3s + 1 <, mandm< 10 
Moreover, each portion of diis bound is the best possible. 
4.2.1 An interpretation 

Because the bound given in Theorem 4.1 is somewhat imposing, it is useful to obtain an intuition 
about die nature of that bound. In this section we try to provide this intuition from the point of view of 
the "lower bound". That is, we discuss the principles behind the construction of task systems for which 
critical schedules exist which achieve various portions of the bound. We wtU concentrate on the middle 
four portions of the bound. The other two portions arise mninly (Tom ^boundary" constraints. In 
particular, the first portion (2 <, m < s + 1) is the situation where the processor constraint dominates 
worst case behavior. The final portion (3s+l <£ m < 10} arises because s and m are both small. We 
ignore these two protkms of the bound in die rest of this discussion. 

The key to understanding the middle four portions of the bound is the following: When 
constructing a task system for which a "bad" critical path schedule exists, there are three kinds of 
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constraints to deal with: precedence constraints, processor constraints and resource constraints. 
Moreover, there are actually s kinds of resource constraints - one constraint for each continuous resource. 
A task system with a "bad" critical path schedule (presumably) exploits each of these constraints to die 
fullest Now consider the bound 2 + T?s/10 - (3s-*-iym, The various terms of 6»at bound can be 
interpreted as follows: The term 17s/10 arises from die exploitation of the resound constraints. There 
are 3sOPT tasks involved in this. A tenn of 1 arises from the exploitation of the precedence constraints. 
There arc OPT tasks involved in this. Finally, the term 1 - (3s+l)/m arises from the exploitation of the 
processor constraints. All Of the remaining taste in the system ate involved in this. Similar 
interpretations exist for the other three portions of the bound; However, In those cases, only the resource 
and precedence constraints are exploited and not the processor constrairitt. Only when m > 3s +1 is it 
"profitable" to exploit the processor constraints. 

This interpretation can be seen more clearly, if we assume that s is fixed, and that m and 
CPATH/OPT arc expressed as functions of s (Figure 4.1 shows die plot of sach a function). Initially, 
assume that m =s+ 1 and that we have a UET task system with continuous resources Si such tlttt a critical 
patbschedule exists for S, with C*ATI#/©PTarbi«rarih/ close to f*t/ In Si dtere *i*e OPT taslcs devoted 
to exploiting me precedence constraints* and for each eontinuot» resource, there are <!)PT tasks devoted 
to exploiting the constraint imposed by mat resource. The processor constraints arc iibt being exploited 
at all. Now consider how S h modified asm is increased, one processor at a tfcne, from s+1 %o 2s+l. 
Rach time m is increased, sevoral tasks arc added-to 5. The ptirpescof ado^ig these task* is to move firty 
exploit die resource constraints. Kach time m increases by one #roccss»n th£ worst case bound increases 
by a constant amount (namely, 1/2) due to die addition of those t*sk& At w*=*^W- 1 , mere arc OPT tiisks 
devoted to exploiting the precedence constraints, and for each contimwiw resuaree, there are 20FFtasks 
devoted to exploiting me constraint imposed by that resource. Now consider the (simftar) situation as m 
is increased, one processor at a time from 2s-M to 8s/3+l. Again tasks are added to Seach dmem 
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Figure 4.1 : Graph of the upper bound as a function of s 
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incrcases. Now, however, the worst case bound increases by only 1/4 each time m increases. For a mird 
time, consider the (similar) situation as m is increased one processor at a time, from 8s/3+l to 3s+l. 
Again tasks are added to 5 each time m increases. In this instance, the worst case bound increases by only 
1/10 each time m increases. At m=3s+l, there are OPT tasks devoted to exploiting the precedence 
constraints, and 3sOPT tasks devoted to exploiting the resource constraints - for each continuous 
resource, there arc 3-OPT lasts exploiting the constraint imposed by that resource. At this point, the 
precedence and resource constraints are fully exploited. Finally, as m is increased beyond 3s+ 1, yet 
more tasks are added to S. These tasks exploit teleprocessor constraint Note however, that flic bound 
increases only so slightly in this range, and that in fiaej, it converges to 2 + 17s/10 as m approaches 
infinity. 
4.2.2 A comparison 

Although Theorem 4.1 provides (in contrast to previous results) a tight upper bound for >the worst 
case performance of critical path scheduling Of UET task systems with continuous resources and a 
processor constraint, there is a question of how much mat result really improves over previous results. 
That is, consider the bounds (cited earlier) of Yao [Y] and Garey, cLal. [GG/Y] as they apply to UET 
task systems with continuous resources and a processor constraint Those results^an be combined to 
yield the following composite bound: 

CPATH/OPT ^ min{ m, 2 + 2s - (2s+ IMm, 27/10 + 17s/10} 

The question which arises, is whether this composite bound is much worse than the best possible 
bound (our Theorem 4.1). The answer to this question is yes. For instance, if s > 6 and m = 1.8s + 2, 
the composite bound indicates that CPATH/OPT < 17s/K) + 27/10. The bound that we give shows 
that CPATH/OPT < 14s/10 + 3/2. The difference between the two bounds is 3s/10 + 6/5 -- a value 
which grows linearly with s. In percentages, the composite bound in this case is too large by over 21 
percent. Table 4.1 shows both the composite bound and our best possible bound for several specific 
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Table 4.1 
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combinations of s and m. That table also shows the percentage error in the composite bound relative to 
the best possible bound for each such combination of s and m. 

Note from Table 4.1 mat although our results improve upon the composite result whenever m > 
s+1, the improvement is usually most significant when the number of processors is small relative to the 
number of continuous resources. 
4.2,3 The u pper bound 

In the next two sections we prove Theorem 4.1. The upper bound is given in this section and the 
lower bound is given in die section 4.2.4. 
42,11 Preliminaries 
Before beginning the proof of the upper bound, we require several definitions. 

With respect to the usage of the resources in the system, we have the following definitions: 
R max (D = max {R v (T):f l^v^s}. Given task T, R V (T) is the Revalue of T and Rn^fT) is the 
R max" va,ue of T - TWs noB** 011 « extended to a set of tasks B, with R y (B) = 2 RyfT) over all T € B and 
R max< B ) = 2 R max^ 0¥er aU T c B - For completeness, if B is empty, let Rjn^W = 0. Finally, a set 
of tasks B. is a legal setof tasks if for each resource v, R^B) ^ 1. 

With respect to the precedence constraints, we remind the reader of the definition of the level of a 
task: If Tj has no successors then levcKTj) = 1; otherwise, IcveRTj) = 1 + maxflevelfT:): Tj < T}. 
This notion can be extended to a set of tasks B, by letting IcvcKB) = maxflevelfTj) : Tj € B}. 
4,2,3,2 Proof outline 

Consider any critical path schedule for a task system S. The time units of that schedule may be 
divided into three sets: those time units where the final task of each level executes, those where all of die 
processors arc utilized and those where at least one processor is idle due solely to resource constraints. 
Call these path , full and resource time unite respectively. The proof follows by bounding the number of 
time units of each type. The number of path time units is bounded by the length of an optimal schedule. 
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The number of full time units caa be bounded usingthe length of an optimal schedule and the number 
of tasks executed in resource and path time units. The number of resource time units can bounded by 
the use of a "weighting function". 

A weighting function W, is a mapping from the interval JO, 1J to an interval [0, xj, where the x 
depends on the particular weighting function. We extend the functional notation to tasks and let WfT) 
= ^max* 7 )* Moreover, if B is a set of tasks, then W{ty * 2 WfT) over all TeB. (Our use of 
weighting functions is motivated by, and draws upon T the work of (Sarcy, etal. fGGJY]). Given a 
particular weighting function and a set of resource time units, the average weight associated with each of 
those time units can be bounded below (this lower bound will be 1). Moreover, by examining an optimal 
schedule, the total weight associated with all tasks executing in resource time units can be bounded above. 
Combining these two bounds gives an upper bound on the number of resource time units. The result 
then follows from the upper bounds on the numbers of path, full and resource time units. 
4,2.3.3 Two important propcrtfa 

In this section we introduce two properties of weighting functions. 
Definition: Weighting function W has Property A. iE 

Given a task T • and a nonempty set of tasks D such that: 

R maxW^ R max< T, >f<> r ««chTeBandR max (T')>l-R max (B), 
thenW(B)>l. 

PcfJnHion: Weighting function W has Property JJ, if: 

Given a set of time units {B 2 , ... , B t } with t > 1 and Y = u}_ j Bj, such that: 
Foreveryt a skT€B i ,Ki<t, and every j, l<j<i, R |nax (T)>l -R max (Bj), 

then there exists a task T* e Y, such that W(Y - { T*})> t-J. 
Intuitively, Property A states that given a set of n tasks in which the total resource requirements of the 
tasks exceeds one, then the total weight of the largest n-1 tasks is at Jcast one. Property B will be used to 
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obtain a lower bound on the average weight associated with a resource time unit 
Lemma 4J: If W is a weighting function which has Property A, then W also has Property B. 
Pioof 

Assume that W is a weighting function which has Property A, and let {Bj, ... , Bj} be a set of time 
units with Y = u| =1 Bj such that for every task T € Bj, 1< 1 £ t, and every j, 1 ^ j <i R max (D > "1 - 

R majW- We want t0 ^"^ there exlste a tsA T* € Y *"* ** W(Y-{T*}) > t-I. Without loss 
of generality, assume that W(Bj)< 1 for each time unit Bj, 1 ^ i £t Theproof is by induction on t 

If t =1 the lemma is immediate, so suppose that t ^2. Consider time units B t _j and B ( . Let X 
be any task in B r Then Rn^X) > 1 - Ra^B^). Moreover, for any last T c (B tl U {X}), 
R max (T > > 1 " R max%l u W - {T}). In particular, let Zee a task in (Bj.j U{X})wim a minimal 
Rjj^-value. From Property A, it follows that WCBj.j U {X} - {Z}) £ L 

Now consider the set of time units {Bj B t .j}, where Bj =s Bj for 1 <£ i < t-2, and B t .-. = 

{Z}. LetY' = UJl} b|. By induction, there exists a T*€Y', such that W(Y • -{T*}) > t-2. 
Thus, W(Y - {T*}) > W(Y * - {T*}) + WCB^ U {X} - {ZJ> > t-2 + 1 = t-1. □ 

4.2.3.4 The weighting functions 

Three weighting functions arc used in the proof of the main theorem. Three functions are used, as 
opposed to just one, due to varying requirements with respect to the weights assigned in various parts of 
that proof. Weighting function Wj has the property that if aj + a^ < 1, then Wj(dj> + Wjf^) < 
1.5. Moreover, values of aj and a-^ exist such that Wj(aj) + Wj^) * '^. A similar statement can be 
made about weighting function W2 and the value 1.6. Weighting function W_j has die property that if aj 
+ ... + a n < 1, then Wjfaj) + ... + Wj(ff n ) <^ 1.7. Those properties play a critical role in 
establishing various segments of the upper bound. 

For each of the three wcigliting functions which we introduce, we give two major results. First, we 
give an upper bound on the weight of a legal set of tasks. As a corollary to this result we give an upper 
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bound on the weight of any set of tasks drawn from the task system which we are considering. Doth of 
these bounds depend upon the cardinality of the set of tasks being considered. These results will allow us 
to bound the total weight of the tasks executing in resource lime units. Secondly, we show that the 
weighting function has Property B. 
4.2.3.4.1 The first weighting fVnfftfon. 

Definition: Wj(o) = if a = 

1/4 if a €(0,1/4J 

1/2 if a 6(1/4, 1/2] 
1 if a € (1/2,1] 
Lemma 42: If B is a legal set of tasks, then W X (B) ^ min{ (|B|+s)/2, (|B|+4s)/4 }. 

Pffiol 

Recall that B is a Jcgal set of tasks if for each resource v, the total usage of v by the tasks in B does not 
exceed one. 

PaQ 1: Let X = {T e B: Rm^Cr) > 1/2} and let x = |X|. Since for each resource v, there is at most 
one T € B, such that R V (T) > 1/2, it must be that x ^ s. Moreover, if R^T) > 1/2 then Vv^fT) 
= 1. Each task T e (B - X) has R max (T) < 1/2, hence ' Wjfl) < 1/2, Thus, W^B) is bounded 
above by max[x + (|B|-x)/2] such that x < s. This maximum occurs at x = s. Therefore, W,(B) 
£s + (|B|-s)/2 = (|B|+s)/2. 
PM 2: Let X = {T e B: R max (T) > 1/2}, let x = |X|, let Y = {T e B: 1/4 < R^fT) £ 1/2} and let 
y = |Y|. Similarly to Case 1, we deduce that x < s and y < 3s - 2x. Moreover, if R (T) > 1/2 
then WjfT) = 1 and if 1/4 < R max (T) < 1/2 then WjfT) = 1/2, Each task T € (B - X - Y) has 
^ax^ ^ 1/4 and w l( T ) < 1/4. Thus, W X (B) is bounded above by max[x + y/2 + 
(|B|-x-y)/4] such that x < s and y < 3s - 2x. This maximum occurs at x = y = s, so W^B) ^ s 
+ s/2 + (|B|-2s)/4 = (|B|+4s)/4. D 

Corollary 4J.: Given a set of tasks YCT, then Wj(Y) < min{ (|Y| +sOPT)/2, (|Y| +4sOPT)/4 }. 
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Let Bj, ... Bqpy be the time units of an optimal schedule resdicted to die tasks in Y. Then, Y = 

uPf | Bj and Wj<Y) = 2^1 W^BjX 

ESQ 1: By Lemma 4.2, each W^Bj) < (|Bj|+s)/2. Thus, Wj(Y) £ Sf £Y<t B il+ s > /2 = s-OPf/2 

+s? P J|B i |/2 = (M+s-oPTyi ■ i f^ ■ :, 

E2E1 2: By Lemma 4.2, each W^Bj) < (|B i |+4sy4. Thus, W|<Y) % zf £ j (|Bj|+4s)/4 = 
(|Y|+4sOPT)/4. Q 

Lemma AJ: Weighting function Wj has Property B. 
PjEQQf 

By Lemma 4.1, it is sufficient to show that Wj has Property A. Consider a task T' and a nonempty 

set of tasks B, such that K m Jj) > R^fT') for each T e B and R^T') > 1 - R^tf*). We 

want to show that Wj(B) J> 1. 

If R max^ > 1/2 for anv T e B > ^cn die lemma is immediate, so suppose Rm^O! <J 1/2 for 
eachTe B. UK^V) = Othcn R max (B)£ 1, hence W^B)^ 1. so suppose R wx (T , )>0. 
^1: ^(7') € (0,1/4] 

Thcn R max< B > > 3/4 - Since for each T € B, < R max (T) < 1/2, we have that |B| > 2. Moreover, 
for TeB. W 2 (T) is either 1/4 or 1/2. If |B| > 4, then the lemma is immediate. If |B| = 3 then at 
feast one of the tasks has an R^-valuc exceeding 1/4, hence it has a weight of 1/2. The other 
two taskrhavc weights of at least 1/4. Thus, Wj(B) £ 1. If |B| = 2, then both of the tasks in B 
must have Revalues exceeding 1/4, hence they have weights of 1/2, and Wj(B) = 1. 
£^2: R^T') 6(1/4, 1/2] 

Thcn R max< B > > m - Hcncc IBI > 2, since R^CO < 1/2 for each T € B. Since for each TeB, 

R max^ ^ R max< T '>' wc havc: IW 7 ) € < 1/4 « 1/2 1 and W 1<D = 1/2 for T € B. Thus, Wj(B) 
= |B|/2>1. Q 
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4.2.3.4.2 The second weighting fiin^jon 

DefioMm: W 2 (a) = if o = 

10/100 if a€(0,.092] 

15/100 if a €(.092, .136] 

20/100 if a € (.136, .182] 

25/100 if a € (.182, .204] 

30/100 if a € (.204, .250] 

40/100 if a €(.250, .296] 

45/100 if a €(.2%, .318] 

50/100 if o € (.318, .364] 

55/100 if a € (.364, .408] 

60/100 if a € (.408, .500] 

1 if a € (.500,1] 

We have the following facts which follow from the definitioa of W 2 : 

E&l 1: If a € (.092, .500], then W 2 («) £,(144)* 

Eacl 2: If |B| = 3 and R y (B) £ 1, then W 2 (R y (B)) £ 17/10. 

Eafll: If |B| = 2 and R y (B) < 1, then W^B)) £16/10. 

F&i 4: If |B| = 2 and R y (B) < .500, then W^R^ftjj) £ 7/10. 

The following claim is uscftil in proving Lemma 4.4: 

Claim A: If B is a set of tasks such that R y (B) £ 1 and JB| £ 2 then W^R^B)) £ (|8| + 14)/10. 
ECBpf 

If |B| < 3 then the claim follows from Facts 2 and 3, so, assume that |B| £ 4, Define the following 
two sets of tasks: 

Y= {T€B:R y (T)>.500} 
X = {T€B:.092<R y (T)£.500} 
Clearly. W 2 (R V (B)) = W 2 (R y (Y» + W 2 (R y (X)) + W^jyB-X^ Note that if T € Y, then 
W 2 (R V (T)) = 1 and if T€ B-X-Y then W 2 (R V (T))£ 10/100. Thus, 
W 2 (R V (B)) < |Y| + W 2 (R V (X)) + (|B| - |X| - |Y|)/10. 
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CKl:|Y| = 
Then, W 2 (R y (B)) = W 2 (R V (X)) + (|B| - PCD/10. 
if M < X then since for each T € X. W 2 (R y (T)) ^ 60/100, we have W^R^B)) £ (60/100)|X| + 

(|B|-|X|)/10 = 5|X|/10 + |Bj/10<([B|+14yi0. 
If |X| > 2, then by Fact I, W 2 (R y (X)) £ 1.64, hence W^R^B)) ^ 1.64 + <»$ -JXft/lO £ 

1.64 + [|Bj - 3J/10< (|B|+ 14)/10. 

Note that Ry(X)<.500 and 

w 2 m v (B))£i + w 2 <R ¥ (x)) + flBhrxnj/ia (I) 

If |X| = 0, then from (I), W^R^B^ £ 1 + (|BHyiO < (|B|+ MyiO. 

If PC| = 1, then W2(R V (X)) £ 60/100, so front (1), W^R^B)) ^ 1 + 60/100 + (|B|-2yiO = 
(|B|+14)/10. 

If |X( = 2, then by Fact 4. W^CX)) < 7/10, so fiwn (IX 
W 2 (R V (B)) < 1 + 7/10 + (|B|-3yiO = (|Bf + 14yH). 

If |X1 = 3, then let max^X) = max{R v (T): T€ X}. 

If maj^CX) > .318 then the other two tasks mX have Revalues totaling less than .182, since 
Ry(X) < J00. Then at least one of these other two tasks must have an Revalue less than .091. 
But, by definition, each task in X has an Revalue exceeding .092. thus, max y (X) <, .318. 
If max v (X) € (.250. .318J, then W 2 (max y (X)) <, 45/100. The other two tasks in X have 
Revalues not exceeding .136 and .182 respectively, hence they have a total weight not 
exceeding 35/100. Thus, W^R^X)) ^ 80/100. 

If mai v (X) e (.092, 250J, then W 2 (max v (X)) < 30/100. The other two tasks in X have 
Revalues not exceeding .204, hence they have a total weight not exceeding 50/100 Thus, 
W2(R y (X))< 80/100. 
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Thus, if |X| = 3 then W 2 (R y (X)) £ 80/100, hence WjCR^Bfr'g 1 + 80/100 + flB|-4]/10 = 
(|B|+14)/10. 
If |X| > 4, then fh)m Fact 1, W 2 (R V (X)) ^ 1.64R y (X) £ .82. Then from (I), W 2 (R y (B)) £ 1 + 
.82 + [|B|-|X|-1]/10 < 1.82 + [|B}-5J/10<(|B|+14)/10. O 

LsmiDj 4i: If B is a legal set of tasks, then W 2 (B) ^ (|B| + 14s)/10. 
Proof 

Partition the tasks in B into s sets Dj, ... , D s , where T € D v ifand only if v is the minimum index such 
that R V (T) = Rm^fT). Clearly, W 2 (B) = 2 V=1 W 2 (R v (D y )). Now partition the resources into 
sets Zq, ... , Z fl , according to the sizes of the respective D y sets. That is, resource v is placed into set 
Zj Dv | (Figure 4.2). Thus, W 2 (B) - 2j =0 ( 2 v€ v W 2 (R y (ri^ ). Qearly, for each v € Zq. 
W 2 (R y (D y )) = and from the definition of W 2 it follows mat for each v e Zj, W 2 (R y (D y )) <, 1. 
Moreover, from Claim A, it follows that for each j > 2 and each v e Z W 2 (R v (D y )) < (j + 14)/10 
and 2 V€Z . W 2 (R v (D y )) = [U + 14)/10]|Zj|. Thus. W 2 (B) £ |Z X | + 2j =? [(j + 14)/10|^| = 
2 "=1 Jl z jl /10 + 2" =1 14fZjJ/10 - JZjt/2. But, the Z;'s are a partition of the resources, so 2 n =1 
|Zj| <, s. Moreover, that partition is based on a partition of the tasks such that 2^_ j j \7A <> |B|. 
AlsoJZjI^O. 

.■.W 2 (B)<|B|/10 + 14s/10-0/10 = ||B4-f-,14s)/10 D 

Corollary 4.2: Given a set of tasks YCT, then W 2 (Y) < (|Y| + l4s-OPT)/10. 

Let Bj, ... , BQpp be the time units of an optimal schedule itstbctcd to the tasks in Y. By Lemma 4.4, 
each W 2 (Bj) < (|Bj| + 14s)/10. Thus, W 2 (Y) = z9£{ W 2 (Bj) < Z^f [|Bj| + 14sJ/10 = 
14sOPT/10 + S^PjlBjI/lO = (|Y| + 14S-OPIV10. d 

Lemma 4J: Weighting function W 2 has Property B. 
Proof 

By Ixmma 4.1 it is sufficient to show that W 2 has Property A. Consider a task T' and a 



Figure 4.2 : Partitioning the resources. 
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These are the resource requirements for the tasks in a system with 11 tasks and 7 resources. A zero 
requirement is shown as a dash. The largest requirement of each task weirded. 
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nonempty set of tasks B such that R^fT) > R max (T') for T e B, and R^CT) > 1 - R max (B). 

We want to show that W^B) £ 1. 

If JBj = 1, themuk follows immediately from die definition of^, so assume that |B| > 1 Let 

min(B) = min{R Jnax (T): T € B}. If there is only one resouice in the task System, then min(B) is the 

smallest resource requirement of any task in B. Given a time unit B, it is possible to compute a lower 

bound for W 2 (B) based on |B|, min(B) and R max (B). In particular, Table 42 gives various 

combinations of |B|, min(B) and R max (B), each of which implies that W 2 (B) > 1. These values were 

verified using the MACSYMA system of the MIT Laboratory for Computer Science. The program 

used to do the verification is shown in Figure 4.3, 

Now consider the possible values of W 2 (T • ). If W 2 (T • )£ 50/100, then for each T e B, W 2 (T) 

£ 50/100. Since |B| > 2. we have W 2 (B) > 1. If W 2 (T') = 10/100, then < R^T') < .092. 

But this implies that R max (B) > .908 and min(B) > OlicneefrOm Tabic 4.2, W 2 (B)> 1. If R ma .(T) 

= 0, then R max (B) > 1, hence W^B) ^ 1. 

There are six remaining possibilities for W^T'): 15/100, 20/100, 25/100, 30/100, 40/100, and 

45/100. Associated with each of these weights there is a range (aj, « 2 ] in whichR (f • ) must lie. 

Moreover, in each instance it follows that min(B) > a l and that Rn^CB) > 1 - « 2 . For each (a l% <* 2 ] 
pair, an examination of the "relevant" entries in Table 4.2, shows that W^B) > I in all instances. A 
guide to the "relevant" entries of Table 4.2 is given in Table 4.3. In Table 4.3, for each of the six 
possible values of W 2 (T'), we give the values oj, a 2 , the subsequent tower bounds on min(B) and 
R max( R ) and ^ caries of Table 4.2 that need to be examined. Note that entries arc not listed for 
each size of |B| in every case. In particular, for each W 2 (T' ) possibility, only one entry of the form 
(|B|, min(B), 0) is given. Such an entry implies that W 2 (B) > |B| W 2 (min(B)) > 1. Thus, for any 
larger |B|, we also have W 2 (B) > 1. 

For example, when W^f) = 25/100, R max (T') € (.182. .204]. Thus, min(B) > .182 and 
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Ad entry <i, x, y) in this table is interpreted as follows: If B is a set of tasks such that 
|B|= i. min(B) > x, and R mM (B) > y. then W2^>1. 



W2<T') ( ai ,a$ 
15/100 (.092, .136] 
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25/100 
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Table 4 J 
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(2. 0^750X aO, 318X (4. 0, 320K<5. 0, 364X 
(6, .092, 362). (7, .092.0) ^ 

a 0* .750).<3j», 3»X<4, .136, 318), (5. .136, 0) 

(2, 0, .750). (3^182. .750M4,. 182. 0) 

(2, 0, .750). (3, .182„750X (4, .182, 0) 

(2, .250, .704), (3, .250,0) 

(2, .296, .fe (3, .250,0) 
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Figure 4.3 : MACSYM A program used to verify the values in Table 42. 

The function CALC takes three inputs: B, MINB, and RMAXB. and computes the minimum total 
weight of the tasks in a time unit where: 

B is the number of tasks in the time unit 

MINB is a lower bound on the resource requirement of each task in the time unit 
That is, for each task T, Rm^CD > MINB. 

RMAXB is alower bound on the total resource requirement of all the tasks in the 
time unit. That is, Rma^B) > RMAXB. 

CALC finds the minimum total weight by doing an exhaustive search of the possible values for the 
resource requirements of the tasks in the time unit For convenience, weights are multiplied by 100 and 
resource requirements are multiplied by 1000. 

Sample ouput of the program is: CALC(2, 296, 682)$ (input to M ACSYMA) 

2 2% 682 100 (M ACSYMA output - die fourth 

value is the minimum weight) 

CALC(B, MINB, RMAXB) := (MINWT: 100, 

FOR J FROM THRU 9 DO 

(IF MINB = RESj THEN BOT : J+l), 

HELPCALC(B, 0, «)* 

PRINT(B, MINB, RMAXB. MINWT)) 

HELPCALC(COUNT, CURWT, CURRES): = 
IFCOUNT =0 

THEN (IF CURWT < MINWT^NaCURRES > RMAXB 

THEN MINWT : CURWT), 
ELSE (IF CURWT + WTSjjoj * COUNT < MINWT 

THEN FOR I FROM BOT THRU 10 DO 

HELPCALQCOUNT - 1, CURWT + WTSj, CURRRES +RESj)) 
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R max< B > > ! " -204 = .796. If |B| > 4, it follows from |BJ and min(B) > .182 that W 2 (B) £ 4 

W 2 (mm(B)) > 4 (25/100) = 1. If |B| < 4, the entries (2, , .750) and (3, .182, .750) in Table 4.2 

indicate that W^B^l. D 

4.2.3A3 The mini weighting function 

D£fiQiIkai:W3(o)= (6/5)o if oeflU/6] 
(9/5)a - 1/10 if a €(1/6.1/31 

(6/5)o + l/I0 if a €(1/3,1/2J 

(6/5)o + 4/10 if a€(l/2,I] 
This is the weighting function defined in Garey, etalJGGJY]: In that paper the following corollary and 

kmma about Wj arc proven. 

CoroHarv 43t Given a set of tasks Y Q T, then W 3 (Y) £ Tft-OPT/10. 

I xmma 4.6: Given < a < 1/2, and a set of tasks B = (Tj, ... , T„} with n £ 2, such that Rm^C^) > 

K ma^ > a and « ^ 1 - R max< B )« *» W 3<P> ^ *• 
A straight-forward consequence of Lemma 4.6 and the definkioa of W^ (used to handle |B| = 1 and 

RmaxCT' ) £ 1/2) is that W 3 has Property A, hence: 

Lemma 4 r 7 : Weighting function Wj has Property B. 

4.13.5 The main result 

In this section we complete the proof of flic upper bound. Assume that a UET task system with 

continuous resources S = <T, <, m, s> is given. Let CPATH be a set containing the time units of a critical 

path schedule and let OPT* be a set containing the time units of an optimal schedule for this system. As 

usual, we also let CPATH an<TOPT be the lengths of these schedules when appropriate. The time units 

in CPATH are partitioned into the following three sets: 

P = {Bj € CPATH: (Vj > iXkvcKBj) > icvcKBj))} 

F = {Bj € CPAILI : |Bj| = m and Bj < P} 

H = {Bj € CPATH: |Bj| < m and Bj t P} 
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The time units in P are pj& Jims units, those in F arc full time units , and those in H are resource time 
units . Clearly, CPATH = |P| + |F| + |H|. 

Let Q = {T e Ti T e Bj and Bj e H} (i.e. Q consists of an tasks executing in resource time units of 
CPATH). Clearly, |P| £ OPT and |F| S OPT - ]P|/m - jQj/m. The number of resource time units]H|, 
can be bounded by use of the following lemma (adapted from a lemma given by Garey, cLal.[GG JY]). 
!,emma 4J&: If W is a weighting function which has Property B, then there exists a set of tasks Q'CT 
with |Q ' | = |Q| such that |H| <> W(Q ■ ). 
Proof 

Assume that W is a weighting function which has Property B. Let k be the maximum level of any task 
in T. For each level /, 1 < / <. k, there is one time unit Bj € P with tevel(Bj) = /. Let Tj be any task 
in Bj with level(Tj) = /. Moreover, for each level £ 1 <£/ ^ k. define the following two sets: 
A, = {Bj € H : leveKBj) = /} 
Lj = {T: level(T) = / and (3Bj e A^T € »$ U {T,}. 
Thus, Ay contains all of the resource time units where the highest level of any task executing in the 
time unit is /. Likewise, Lj contains task T^ and all level / tasks executing in a resource time unit 
where the highest level of any task executing in the time unit is /. Figure 4.4 shows the 
correspondence between L* Ti and Ai 

Consider any set A^ Wc claim that there exists a task Xj c Lj such that W(L^ - {X^}) > |A^|. 
If \\j{ — then the result is immediate, so assume that |A J > 1. Ixt Bj Bia i be the time 

units m Ay. For each Bj € Aj, let Bj = Bj n L^ There is one BJ for each Bj, and each Bj 

|A/| + 1 , 
contains at least one task. Also, let Bi a i + 1 = {T^}. Note that Uj_{ Bj = Lj. Moreover, 

» 
each Bj contains only level / tasks. 

Now consider any B : and B j , with j < i. Let T be any task in B x . When T was scheduled, all 

tasks with levels larger than / must have already been scheduled in time units prior to B:. 
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Figure 4.4 : An example of the sets A; and L^ ami the task Tj 

Assume that B g has a level of / and is a path time unit. This means that the task in B g of the highest 
level has level /, and that all tasks executing in time units after Bg have levels less than L 

Some number of time units immediately preceding Bg also have a level of/. Assume that these are time 
units B 4 , B 5 , B 6 , and 87. The set A/consists of these 4 time units. The set L/cotoiStS of all of the level / 
tasks which execute in these 4 time units, along with taskT^L 



A/ = {B^BpB^B,} 



leveKBi) = / fori = 4, 5, 6, 7, 8 
Bg is Bj in this instance 




tasks of levels other than / 



B 4 , B s , B fi and B, are resource time units and Bg is a path time unit 

L { = {T: leveKT) = / and T is in a time unit in A/} U fl/} 

The tasks in the non-shaded portions of B 4 , B s , B 6 , R, and Bg are the tasks in 1+ 
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Moreover, the only tasks already scheduled in time unit B: were level / tasks. Thus, T was not 
scheduled to execute in B: due solely to resource constraints imposed by the level / tasks in fij. 
This means that for T € Bj , Rjna/D > 1 - R^(BJ) rWaH j< i Thus, the BJ s form a set of 
time units for which the conditions given in, the definition of Property B hold. Then, since 
westing function W has Property B, thereexists a task Xj fi L/4»nce Lj = Uj. { BJ ) such 
that W(Lj - {Xj}) > |Ay|, and the claim is proved* D 

Finally, let Q ' = (Q U {T, : 1 < / £ k}) - {X, : 1 <, 1 < k}. Clearly, |Q • j = |Q|. 
.'. |H| = 25 =1 |A y |^2 k /=1 W(L / -{X / }) ^WCQ'XanceU^! (l^- {X/})£ Q'. D 

From Lemma 4.8, it follows that given a particular weighting function ..$f* which has Property B, there 

exists a set of tasks Q • Q Tsuch that JQ • | = |Q( and |HJ£ W*(Q % 

Thus, CPATH = |P| + |F| + IH| ^ |P1 + (OPT-|P|/HHQkm) + ^*(Q f ), and with a reordering of 

terms, 

CPATH < OPT +|PKl-l/m)-|Q|/m + W*(Q ? ). (U) 

There are six cases to consider based on the relative values of s and m. 

Case l:2<;m<s+1 

Then CPATH < m OPT since at least one task must execute during each time unit of CPATH. 

Case 2:s+l<m<2s+l 

Ijet Wj be the weighUng function W*. By Corollary 4.1, W :I <Q') £ fJQ'|+sOPTJ/2 = 
[IQI+s-OFIl/2, Thus from (HJ, CPATH £ OPT + jPKH/m) -JQ|/m + JJQJ+s-OPTJ/2 - (1 + 
s/2)-OPF + jPKl-1/ro) + JQIC1/2 - 1/mJ. Bu* 1/2 - 1/m > ; 0ai*MQ| < h«-0PT - [P|. Hence, 
CPATH < (l+s/2)OPr + JPRM/m) + (raQPT cJPJMl/2 - 1/mi = Ks+m)/2)OPT + |P|/2 < 
[(s+m+l)/2]OPT, since |P|< OPT. 
. ' . CPATH/OPT < (s + m 4- 1)/2. 
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Case 3: 2s+l< m < 8s/3 + 1 

First assume that m > 4. Let Wj be the weighting function W*. Then by Corollary 4.1, Wj(Q ' ) ^ 
{{Q , |+4sOPT]/4. Sim8ariyteCase2,wed^vefrom(H)tbi»t€^^ 

Now assume that m < 4. The only combination of s and m to lie in this range is ss= 1 and m=3. But, 
from Case 2 (since the assumption that m < 2s+l was not used m that proof\ CPATH/OPT <£ 
(s+m+l)/2 = (4s+m+3)/4 when s= 1 andm=3. 

£ase.4:8s/3 + l<m<3s+l 

First assume that m > 10. Let W 2 be the weighting function W* Then by Corollary 4.2, W 2 (Q ' ) <£ 
HQ ' 1+ 14sOPTJ/10. Similarly to Case 2 we derive from (II) mat CPATH/OPT ^ (14s+m+9)/10. 
Now assume that m < 10. The only combination of s and m to lie m this range is s = 3 and m « 9. But, 
from Case 3, CPATH/OPT £(4s+m+3)/4 = (14s+fn+9)/ia when s=3andm=9. 

Case 5: 3s+ 1 <, m and m > 10 

First assume that |OJ > 3sOPT. Let W 3 be the weighting function W*. Then by Corollary 43, 
W 3 (Q') < 17SOPT/10. Thus, from (HX CPATH < OPT + Htf - 1/m) - |Qi/m + ITsOPT/IO. 
But -|Q| < -3sOPT and |P| ^ OPT, so CPATH < OPr + OPT(l-l/m) - 3sOPT/m + 17s-OPT/10 
= OPT{2 + 17s/10-(3s+l)/mJ. 

Now assume that |Q| < 3sOPT. Let W 2 be the weighting function W*. Then by Corollary AX 
WjCQ 1 ) < nQ'l+14sOFri/10 = nQI+14sOPTl/ia Thus from (H), CPATH £ OPT + 
IPKH/m) • IQ|/m + f|Q|+14s-OPiyiO =: OPT-p +14s/10J + |Pj(H/m) + IQI1/10 - 1/mJ. But 
1/10- 1/m > 0, fQ| <3srOPTand p\ < OPT. Hence, CPATH <!OP*f1l + 14s/101 + OPT(l-l/m) 
+ 3s-OPrfI/10 -1/m] = OPTf2 + 17s/10 - (3s+l)/mJ. Thus, CPATH/OPT £ 2 + 17s/10 - 
(3s+lVm. 

Case 6: 3s -f 1 <|mandm< 10 

First assume that |Q| > (8s/3)OPT. \jh W 2 be the weighting function W*. Then, by Corollary 4.2, 
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W 2 (Q ' ) < [|Q ' I + 14sOPTJ/10. Similarly to Case 5, we derive fromi(ll) that CPATWGPT <, 2 + 

5s/3-(8s/3+l)/m. 

Now assume that |Q| < (8s/3)OPT. Let W x be the weighting fiinctioa W*. Then by Corollary 4.1, 

W^Q') < [|Q'|+4sOPTJ/4. Similarly to Case 5, we derive from (II) that CPATH/OPT <, 2 + 

5s/3-(8s/3+l)/m. 
This completes the proof of the upper bound for Theorem 4.1. □ 

4.2.4 The lower bound. 

In this section we prove that the upper bound for CPATH/OPT given in Theorem 4.1 is the best 
possible upper bound, completing the proof of that result 

For each possible combination of s and m, we exhibit a UET task system with continuous resources, 
S = <T, <, m, s>, a critical path schedule for that sy^^ such 

that the ratio CPATH/OPr is arbitrarily close to the app.-opriate upper bound. As in the proof of the 
upper bound, there arc six cases to consider based on the relationship between s and ra. The 
constructions that we use in the six cases arc swular. but not Identical, They make use of task systems 
which differ primarily in the resource usages of certain tasks in the system. The overall precedence 
structures of these systems are die same, as are me resource usages of several of tile tasks. Thus, before 
proving each of die lemmas, this general task system structure i» introduced. The aspects of die system 
which arc the same in all cases are specified. We indicate which parameters will be specified within the 
proofs of the individual lemmas. Wc also sketch optimal and critical path schedules for this general 
system. The exact nature of these schedules will, of course/ defend upon the values assigned to the 
unspecified parameters within the proofs of the individual lemmas, 

4JLU AgcBffaHasfr system structure 

Assume that s > 1 and m^ 2, with m> s+1, arc given (in uic next section wc will indicate how to 
handle the case of m <£ s). Integers x and z are to be specified fate* as is e» a positive constant Consider 
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a task system 5* with the following tasks: 

1. Dj for 1 < i < x, such that R^Dj) = e and R^Dj) = for v * 1. 

2. Bq such that R^Bq) = 1 and R^Bq) 'm for v * 1. 

3. Bj for 1 < i < s, such that Rj(Bj) » land R V <B-,) s for v * L 

4. Cj for 1 < i < s. These tasks require no resources. 

5. AJ for 1 < i < s and 1 < j < z. For v * i, R V (AJ) st 0; T^ usage of resource! by each task 
AJ (its R-value) will be specified later (it will be a non-zero requirement). Tasks AJ, .;. ,A£ 
are called A'-tasks . 

This task system has the following precedence constraints: 

1. For 1 £ i < x-1, Dj < EJj + j, Moreover, 1> X < Cj, 

2. For < i < 8-1, Bj < %+ j and Bj < A{ + l for 1 £ j ^ z. 
3 Fori < i < $rl and 1 ^ j ^z. A} < C i+1 . 

4. Forl<i<s-l,C|<Cj +1 . 
The precedence structure ofthis system is shown in Fig«re 4.5. 

Assuming that the constants x, zand e have been specified, consider the following schedule for S* 
(Figure 4.6a): In the first s-fl time units execute the 8-tasfc. In the next x time units execute the 
D-tasks cm processor m, and execute all of the A-tasks on the omer m-1 processors. In the final s time 
units execute the C-tasks. Such a schedule has length x + 2s +• 1. The assumption that the A-tasks can 
all be executed in time units s+ 2 through x+s*l depends only off the ij humbcr of A-tasks (whfch is sz) 
and on the resource requirements of the A-tasks- no precedence constramts are involved since after task 
B s executes in time unit s+ 1, all of the A-tasks are available for execution. Tn each of the results using 
this general task system, the value z and the resource rcquircmcitfs otahe A-tasks arc specified sothe 
A-tasks can indeed be executed in just x time units on m-1 processors and id me total irqurrcmcnt for 
resource 1 during each of those x time units does not exceed I -«. This last condition is needed since 
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Figure 4.5 : The general task system structure used for the lower bounds. 
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The non-zero resource requirements of these tasks are: 
Each D-task requires e of resource 1 
Bq requires all of resource 1 

Bj requires all of resource i, i > 

Each A'-task requires a non-zero portion of resource i 
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Figure 4.6 : Two schedules for the genera! task system structure 
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each of the D-tasks requires « of resource 1. 

Now consider the critical path schedule for S* generated from the following list: (D-tasks, Bq, Cj t 
A-tasks, Bj, Cj. A 2 -task$, ,.. , B^, C y A-tasks, Bj). la this schedule, (Figure 4.6b) the D-tasks 
execute in the first x time units, then Bq and Cj execute in the next time unit, followed by the execution 
of the A 1 -tasks. After those tasks have executed, Bj and C2 execute, followed by the execution of die 
A-tasks, and so on. Eventually, B s .j and C $ execute, followed by the execution of the A s -*tasks. In the 
final time unit B s executes. Assuming that the A '-tasks -arc assigned the same resource requirements for 
resource i, as the A-tasks arc assigned for resource I and that they are scheduled identically to the 
A-tasks, this schedule has length CPATH = x + s + 1 + sCKA 1 ^ where GXA 1 ) is the length of die 
schedule for the A-tasks. 

In the individual proofs which follow, several things are done. First, the values of x, z and e are 
specified, and the remaining resource requirements for the A-tasks are given. We then show that the 
A-tasks can be executed on m-1 processors in x time units with the total requirement for resource 1 by 
the A-tasks, in each of those x time units, not exceeding 1 - c. /This establishes |hat OPT <. x + 2s + 1. 
The value of G(A ) is then derived by analyzing a particular list schedule for the A -tasks, establishing 
that CPATH £ x +.s + 1 + sGYA 1 ). The lower bound for the worst case of CPATH/OPT is awn 
obtained by combining the bounds for OF! and CPATH. 

4,24,2 Ths Simple Cases 

Lsnyjoa 4£: If 2 < m < s + 1, then CPATH/OPT can be arbitrarily close torn. 

Effiof 

Assume that there arc only, m-1 resources,. That is, assume s =. ra-1, (Le. in the task system used to 
show that .the upper hound of m may be approached arbitrarily closely, the tasks require only the first 
m-1 resources). The next lemma shows that in this c^(i.c.,nv^s*i) i «ftat CPATH/OPT can be 
arbitrarily close to (s+ m + 1)/2. But, if m =•&+•!, then (s+ra+l)/2 =* iru Q 
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Lcmma 4.10: If s + l<m<2s+ 1 thenCPATH/OPTcanbeailJititraydose»(s+m+l)/2. 
Proof 

Let c = (m-s-l)/s. Let x be a positive integer such tfiat x = mod 2s, fct z = [1 +cjx and let e < 
1/12. Now consider die task system 5* as sparffied in the prcvk)m sectfon, u^ng diese values of x, z 
and e. The remaining resource requirements of the A-tasks are: 
ForeadiU^i^s, 

xofthe A'-tasks have an Revalue of 1/2+ e 
cat of the A'-tasks have an Rj-vafueof 1/2 - It. 
Note that for each i, we have specified resource requirements for exacdy x + ex = [r+cjx = z 
A'-tasks. As desired, in total there are zs = (m-l)x A-tasks. 

As noted in the previous section, OPT <, x + 2s + I provided all of the A-tasks can be 
executed on m-1 processors in just x time units, with the total requirement for resource 1 by the 
A-tasks in each time unit not exceeding I ^ e. This can be done by executing the following tasks at 
each of those x time units (Figure 4.7a>: For each i, 1 < i «C s, an A'task with an Revalue of 1/2 + 
a executes. This utilizes s processors at each time unit Moreover, for c$ = m-s-1 values of i, an 
A'-task with an Revalue of 1/2 - 2e executes, &nce tn-I A-tasks execute per time unit, all of the 
A-tasks can be executed in x time units. Note that for each i there are (1^ time units m which one 
A'-task executes and there are ex time units in which two A'-tasks execute. Moreover, the total 
requirement for cjcJi resource during each time unit docs not exceed 1-e. Therefore, OPT ^ x + 2s 
+ 1. 

Also as noted in tile previous section, for critical path schedules; GPATH £► x + s -I- I + 
sG(A I ), where CHA 1 ) « the length of a particular fist scheduk (which wc are about to specify) for die 
A'-tasks. Consider the following schedule for die A 1 - tasks (Figure 4.7b): In die first cx/2 time units 
two A-tasks with Rj-valucs of 1/2 - 2e execute. These time units arc followed by x dime units in 



Figure4.7 : The schedules used in Lemma 4.11. 
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1 A^task 




2 A^tasks 




(l*)x 



ex 



a) An optimal schedule -- for each other resource v, A v -tasks execute (in a similar manner) with these 
A^tasks. 



lA^tasks 



1 A^task 




cx/2 




b) The schedule used for GfA 1 ) -- these tasks execute alone. 

In each of the above figures, the values inside of the boxes indicate the Revalues of the the tasks 
executing in those time units. The values under the boxes indicate the number of time units where tasks 
with those particular Revalues execute. 
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which one A -task with an Revalue of 1/2 + e executes per time unit Note 1 that m each ofth* firist 
cx/2 tme units the total requirement for resource 1 is 2(1/2 - 2c) = 1 - 4e.; During the execution of 
these time units the smallest resource requlremenLof any unexecutedfA^-tasl: 1? 1/2 - 2e, a value 
which exceeds 4e. This means that none of the A^-tasks which execute later in the schedule can 

execute in these time units. This assures that the schedule we have described here is a valid list 

, xurn 

schedule. Thus, G(A 1 ) = cx/2 + x, and CPATH > x + s + 1 + s[cx/2 + x] > x<m+s+l)/2. 

.'. CPATH/OPT^ (x(m+s+iy2)^x+2s+^ 

limit^ _> oo CPATH/OPT = (m +s+ 1)/2. D 

Lemma 4IT: If 2s + 1 < m < 8s/3 + 1, then CPATH/OPT can be arbitrarily close to (4s+m+3)/4. 

Proof ,?o 

Let c = (m-2s-l)/s. Note that < c < 2/3. Also, let q = if c £ 1/2 andjletq =Tlog [(l-c)/(2-3c)n 

if c > 1/2. Let x be an integer such that x = mod s2^ f let z = {2+cJx, and, let Y = 3c-2 + 

(l-c)^ . (The origin of Y will be explained a little later in the proof).* Let t = « = l/lO^"*" 2 . 

Also, for 1 < k < q, let « k = lOe^. Now consider the task system S* using these values of x, z and 

e. The remaining resource requirements of the A-tasks are: 

For each i, 1 <, i £ s: 

1. (l-c)x of the A'-tasks have an Rj-valuc of 1/2 + e Q 

(l-c)x of the A'-tasks have an Rj-valuc of 1/2 - 2eg. 

2.ForO£k<q-l, 



(l-c)x/2 k ofthcA 
(l-c)x/2 k of the A 1 
(l-c)x/2 k ofthcA 



-tasks have an Rj-valuc of 1/2 + ej.. 
tasks have an Rj-valuc of 1/4 + 2e k . 
tasks have an Rj-valuc of 1/4 - 4*^. 



3. Yx of the A'-tasks have an Rj-valuc of 1/2 + e Q . 
Yx of the A'-tasks have an Rj-valuc of 1/4 + 2e Q . 
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Yx of the A l -tasks have an Revalue of 1/4 - 4e Q . 
There are two cases to be considered here: 

1. If q = 0, then no tasks are assigned resource requirements in part 2 of the above specifications. In 
this instance Y = c. 

2. If q > 0, then some tasks arc assigned resource requirements in part 2 of die specifications. Note 
that Y > 0, since q < 1 + log [(l-c)/(2-3c)]. 

In both cases, resource requirements are specified for exactly z A ! -tasks. The constant Y was chosen 
so that this was the case. Intuitively, in part 2 of the specifications, we assign Rj-values to the tasks in 
a series of sets of tasks. The number of tasks in each set is one half the number of tasks in the 
preceding set Since there arc only [2+cJx = z A'-tasks, the secies must be terminated at an 
appropriate point In this instance, that is after q sets. The value 3Yx is the number of A*-tasks 
whose R-valu has not been specified when the series is terminated. These 3Yx tasks are the tasks 
assigned Revalues in part 3 of the specifications. 

As before, OPT < x + 2s + 1 provided all of the A-tasks can be executed in x time units with 
the total requirement for resource 1 by the A-tasks in each time unit not exceeding 1 - 1. This can be 
done by executing the following tasks at each of those x time units (Figure 4.8a): For each i, 1 < i <£ 
s, cither 2 or 3 A'-tasks execute at each of the x time units. More specifically, for (l-c)s = 3s-m+l 
values of i, two A'-tasks execute. They have Rj-valucs of 1/2 + e Q and 1/2 - 2«q. For the other cs 
= m-2s-l values of i, three A'-tasks execute. They have Rj-valucs of 1/2 + e^, 1/4 + lt^ and 1/4 - 
4e k , for some k, < k < q. Since at each time unit 2(l-c)s 4- 3cs = m-1 tasks execute, all of the 
A-tasks can be executed in x time units. Note that for each i, dicre are (l-c)x time units in which two 
A'-tasks execute and there arc ex time units in which three A'-tasks execute. Moreover, since ty. J> 
6q = c for < k < q, the total requirement for any resource during each time unit docs not exceed 
1 - c. Thus, the A-tasks can he executed in just x time units, and OFF < x + 2s + 1. 
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Figure 4.8 : The schedules used in Lemma 4.11 
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b> The schedule used for CH.A 1 ) when q - 0. These tasks execute alone. 
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For critical path schedules, CPATH ^ x + s + 1 + sG(A 1 ). There are two cases to consider 
based on the value of q (i.e. q = Oandq>0). 

If q = 0, consider the following schedule for the A -tasks (Figure 4 Jb): In the first cx/4 time 
units, four A'-tasks with Revalues of 1/4 - 4eg execute in each time unit Next there are ex time 
units in which two A -tasks execute during each time unit These tasks have Revalues of 1/2 - 2e Q 
and 1/4 + 2cq. Ihirdly, there are (l-2c)x/2 time units in which two A'^asks, each with an Rj-value 
of 1/2 - 2eQ, execute. Finally, there are x time units in which one A^task with an Revalue of 1/2 + 
cq executes per time unit Note that in each of the first cx/4 time units the total requirement for 
resource 1 is 4(1/4 - 46q) = 1 - 16eQ. During the execution of these time units the smallest resource 
requirement of any unexecuted A'-task is 1/4 - 4cq, a value which exceeds 16cq. This means that 
none of the A 1 -tasks which execute later in the schedule can execute in these time units. Similar 
remarks can be made about each of the other time inits in this schedule. This assures that the 
schedule we have described here is a valid list schedule. Thus, G(A ,) = cx/4 + ex + (l-2c)x/2 + x 
= [3/2 + c/4lx. 

If q > 0, consider the following schedule for the A 1 -tasks (Figure 4.8c): In the first Yx/4 time 
units four A-tasks with Revalues of 1/4 - 4e execute in each time unit. Next, there are [(l-c)^" 1 
- 2Y]x/4 time units in which four A -tasks with Revalues of 1/4 - 4e q .j execute per time unit (since 
9 > k)g{(l-c)/(2-3c)] this quantity is non-negative). In the next Yx time units, three A l -tasks execute 
per time unit: these tasks have Revalues of 1/4 + 2c q . 1/4- 4e q _j, and 1/4 - 4e q .j. Similarly, in the 
next (l-c)x/2 q ". time units three A -tasks execute per time unit lliese tasks have Revalues of 1/4 
+ It j, 1/4 - 4cq.2< and 1/4 - At 2 - Generally, for k, q-1 ^ k ]>• 1, there are (l-c)x/2* time units 
with three A -tasks executing per time unit lliese tasks have Rj-valucs of 1/4 + 2e k , 1/4 - 4*^, 
and 1/4 - At^. Following these time units there arc (l-c)x time units with two A -tasks executing 
per time unit: These tasks have Rj-values of 1/2 - 2cq and 1/4 + 2eQ. Finally, there arc x time units 
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in which one A^task executes per time unit. Each of these tasks has an Revalue exceeding 1/2. 
Note that in each of the first Yx/4 time units the total requirement for resource 1 is 4(1/4 - 4e ) = 1 - 
16e_. During the execution of these time units the smallest resource requirement of any unexecuted 
A'-tasfc is 1/4 - 4e q , a value which exceeds 16**.- This means that none of the A^*tasks which execute 
later in the schedule can execute in these time units. Similar remarks can be made about each of the 
other time units in this schedule. This assures that 1he schedule we have described here is a valid list 
schedule. Thus, G(A l ) = [Y/4 + (Q-c)^" 1 - 2Y)/4 + Y + 2J| =\ <l-c)/2 k + (1-c) + IJx = [3/2 
+ c/4fc. 

.'. In both cases, G(A ! ) = (3/2 + c/4Jx and CPATH £ x + s + 1 + sf3/2 + c/4fi > 
x(4s+m+3)/4. 

.'. CPATH/OPT > (x[4s+m+3}/4)/<x + 2s + 1) 

limit x _ >00 CPATH/OPT = (4s-»-m+J)/4. a 

4 7 A 1 A iKgfiiJ srt Of inWfffenilent ttffifcil 

In the next two lemmas, we make use of a set of tasks originally described by Johnson, 
etaLpDUGGJ. We have modified this set of tasks slightly to better suit our purposes. 

Given some resource (say, resource 1) and an integer y, we will describe a set of 3y - 1 independent 
tasks. Each task requires some non-zero portion of the resource. These tasks can be grouped into three 
sets of tasks: In the first set all of the tasks have Revalues of approximately 1/6; in the second set the 
tasks have Rj-vahies of approximately 1/3; and in the third set the tasks have Revalues exceeding 1/2. 
Within each set the tasks differ slightly in their resource requirements. For instance, in the first set some 
of the tasks have resource requirements exceeding 1/6 and some have requirements less than 1/6. There 
arc y tasks in each of the first two sets and y - 1 tasks in the third. 

More formally, assume that an integer y» wiflv y = mod 10 is given. Let 5 be such that < 8 « 
18" y/I °. Abo, let *j = 1 18 y/1 ° " ' for 1 < i < y/10. Consider the following three sets of tasks: 
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1. The first set contains y tasks, t|j for <£ j ^ 9 and 1 < i ^ y/10. These tasks have the following 
resource requirements for 1 ^ i < y/10: 

RjOJi) = 1/6 + 33«j 

R l< T 2i> = R l< T 3f> 

Rl04i) = l/6-13«j 

RjCTji) = 1/6 + 9«j 

R l< T 6i> = R l^'7i) = R l< T 8i> = R l< T 9i> = y6 ' U i 

2. The second set contains y tasks, Tjj for <Jj<9andl<i<; y/10. These tasks have the 

following resource requirements for 1 ^ i ^ y/10: 
Rjfjgj) = 1/3 + 46«j 

R l< T 2i> = R l< T 3i> = 1/3 + M i 
R^j) = 1/3 + 12«j 

RiCT^l/S-lOSj 

R l< T 6i> = R l< T 7i> ~ R lC*|> = R l< T 9i> = M +*i 

3. The thirdset containsy - 1 tasks, t| for 1 < i <. y-1. Eich task requires 1/2 + 8- of resource 1. 

An optimal schedule for these 3y-l tasks has length y. It consists of time units with the following tasks: 

1. For 2 < j < 9 and 1 ^ i < y/10, a T 3 -task and TJj and T?j 

2. For 1 < i < y/10, a T 3 -task and tJj and I^j 

3. For 1 < i < y/10, a T 3 -task and tJj and T§ } +l 

4 - T l,y/10 andT 01 

Now consider the list (T^ tJj. tJ 2 , ... , tJ 2 , ... , rj y/w , ... , tJ y/lQ , T& T^, ... . T^ y/10 , 

2 11 
... , Tg /jq, Tj 1 y.j). This list results in a schedule with length 17y/10 - 1. litis follows easily from 
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the results in [JDUOGJ. Wc give an informal description oTtfce schedule hete. The schedule has y/5 
time units in which 5 tasks from die first set execute per time unit arid is which die total resource 
requirement in each of the time units exceeds 5/6; y/2 time units in which 2 tasks from the Second set 
execute per time unit and in which the total resource requirement in each of the time units exceeds 2/3; 
and, y - 1 time units in which one task from the third set executes per time unk. 

Now assume that y is fixed. Since each task in the system requires -.a non-zero (portion of the 
resource, and since (in both of the schedules given above) each time unit has S or fewer executing tasks, 
there exists a /L > 0, such that the resource requirement of every task can be reduced by fll without 
changing eitiier of the two schedules. Moreover, this implies <hat the total resource usage daring any 
single time unit in these two schedules does not exceed 1^#„. 

In the next result, some A'-tasks are assigned Revalues in a manner similar to those assigned in 
previous lemmas, and some are assigned Rj-values similar to die resource requirements of the >tasks. 
4.2.4.4 The remaining apsf$ 

Lemma 4.12 : If 8s/3 + 1 < m < 3s + 1, then CPATH/OPT can be arbitrartty dose to(14s-f ra+9)/10. 
Erapf 

Let c = (m-2s-I)/s and let q > be an arbtoary integer. Note that 2/ J < c < 1. Let x = 2C62 q " 1 , let z 
= f2+cjx - land let Y .= 3c2.+ (l-c)/^ 1 . ThevahjcsY wm serve a purpose in this rcsutt similar to 
what k served in the prevbus rcsuk. Also similarly to the previous result, let t = cq« mm{fiY x . 
1/10°* +2 } and for I ^ k < q, let e k =s 10e k _j. Now consider (He tatt systcmA"* using these values 
ofx, z, and e. The remaining resource requirements rflhe A-fasks arc as foHows: 
For each L 1 < i < s, 

L (l-c)x of the A'-tasks have an Rj-value of 1/2 + «q. 
(l-c)x of die A'-taskshavean Revalue of 1/2 -2*^. 
2. ForO£V£f4, 
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(l-c)x/2 k of the A'-tasks have an R|-value«f 1/2 + « k . 

(l-c)x/2 k of the A'-tasks have an Revalue of 1/4 + 2* k> 

(l-c)x/2* of the A l -tasks have an Revalue of 1/4 - 4^. 
3. 3Yx - 1 of the A'-tasks are assigned Revalues equal to the Revalues of die tasks in a set of 3Yx - 1 
J-tasks. These A'-tasks wilt be called ty pe J A^tada. 
An optimal schedule for this task system has a similar form for Ac execution of the A-tasks as 
the optimal schedules in the previous lemma. As before, OPT ^ x 4- 2s + 1 provided alt of me 
A-tasks can be executed in x time units on m-1 processors. This can be done by executing the 
following tasks at each of those i time units: For (l-c)s = 3s*m •¥ 1 values of i, two A'-tasks execute: 
these tasks have Rj- values of 1/2 + e Q andl/2-2cg. For the other cs = m-2s-l values of u either: 

1. Three A'-tasks execute having Rj-values of 1/2 + t^, 1/4 + 2e k , awl 1/4 - 4e^ for some k, < k 

^q-l.or 

2. Two or three type J tasks execute (as noted in section 43, three type J tasks execute in all but one of 

these time units). 
Note mat at each time unit no more than 2(l-c)s + 3cs = m-1 tasks execute. Abo, for each i, mere 
are ex time units in which three A'-tasks execute and there arc (l^c)x time units in which two A'-tasks 
execute. Thus, the A-tasks can be executed in just x time units and be total requirement for any 
single resource during each time unit docs not exceed 1 - e. Thus, OPT £ x + 2s + 1. 

The execution of the A ' -tasks is also similar to that in tho previous lemma. In mat lemma (for q 
>0), there were essentially four types of time units: those with 4, 3 , 2 or 1 tasks. LetT4, T3, T2 and 
Tl designate all of the time units of each type. Each of these types of time units will also occur here. 
In addition, in this proof, we have time units where only type 1 A'-tasks execute. As indicated in our 
discussion in the previous section, there will be three types of time units where type J A-tasks 
execute. These time units contain 5, 2 and 1 tasks, and will be referred to as JS, J2 and Jl, 



- 82 '.- 

respectively. The schedule used to derive GtA 1 ) consists all of these timeunits in the following order: 
T4, J5, T3, T2, J2, Jl and Tl. That is, first all of the T4 toe units execute; then aH of the J5 time 
units execute, and so on. 

More formally, consider the following schedule for the A^asks (Figure 4.9): In the first 
[(\-c)x/2^' l ]/A time units four A^tasks, each with an Revalue of 1/4 - 4e^. lt execute in each time 
unk. Next, there are Yx/5 time units in which five type J tasks execute - as noted in the previous 
section, each of these tasks has an Revalue of approximately 1/6. Next, similarly to the critical path 
schedule described in Lemma 4.11, for q-1 > k > 1, there are (l-c)x/2 k tinie units with three tasks 
executing per time unit These tasks have Revalues of 1/4 + 2* k , 1/4 - 4*^, and 1/4- 4*^. 
Following these time units there ace (l-c)x time units with two A^tasks executing per time unit 
These tasks have Revalues of 1/2 - 2e Q and 1/4 + 2*0. Next, there are Yx/2 time units with two 
type J tasks eecuting per time unit - as noted in the previous section, these tasks have Revalues of 
approximately 1/3. Finally, there are x*l time units in which one A*-task executes per time unit 
Each of these tasks has an Rj-value exceeding 1/2. Note that in each of the first Rl^c^^JxM time 
units the total requirement for resource 1 is 4(1/4 - 4*^) « 1 -16*-^ During the execution of 
these time units the smallest resource requirement of any unexecuted A'-task is approximately 1/6 
(actually, just a Httle less than 1/6). But,* j was chosen such that l/6»T6e_. 1( This means that 
none of the A -tasks whkh execute later in the schedule can execute in these time units. Similar 
remarks can be made about each of the other time units in this schedule. This assures mat die 
schedule we have described here is a valid list schedule. Thus, OCA 1 ) - d(l*Yfl~*\/4 + Y/5 + 
Zj^} <l-c)/2 k + (1-c) + Y/2 + l)x - 1 - [(16+c^lO -(1«V(20 &fy- 1. Hence, CPATH £ x 
+ s + 1 + sxK16+c)/10 - (l-c)/(20 2^"^ - s. But, x = 20s2 < *" 1 , so CPATH >x|s(16+cyi0 + 1J - 
s 2 . 

.'.ePATH/OFr>(x{s(16+c)/10 + 11- s 2 Mx+2s+l) 
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Figure 4.9 : The schedule used for GCA 1 ) in Lemma 4.1 J. 
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limit x _ >oo CPATH/OPT^(14s+m+9)/!0. D 

I^emma 4J1: If 3s + 1 <, m and m > 10, then CPATH/OFT can be arbitrarily close to 

2 + 17s/10-(3s+l)/m. 
Proof 

Let x = mod 10nn let z = 3x - 1 and let e = fi x . Consider the task system 5* using these 
values of x, z and c. For each i, 1 < i < s, the A'-tasks arc assigned Revalues equal to fte Rj-values 
of the tasks in a set of z J-tasks. In addition to the usual tasks in 5* the following tasks arc added to 
S*: 

1. G, a task which requires no resources. 

2. Fj for 1 < j < (m-3s-l)x. These tasks require no resources. 

3. E with Rj(E) = 1 for 1 < i ^ s. 

The following precedence constraints are also added to 'he system: 

l.Forl^j<z,A|<G. 

2.B s <G,andC s <G. 

3. For 1 < j < (m-3s-l)x, E < Fj. 
The precedence structure of this task system is shown in Figure 4.10. 

An optimal schedule for this system is: In the first s+2 time units execute the B-tasks and task 
E In the next x time units the A-tasks, D-tasks and F-tasks arc executed (1 D-task, m-3s-l F-tasks 
and no more than 3s A-tasks per time unit). For each i, there arc x-1 time units where three A'-tasks 
execute and there is one time unit where two A'-tasks execute. In the final s+ 1 time units execute the 
C-tasks followed by task G. Thus OPT <s + 2 + x + s + l = x + 2s + 3. 

Now consider the following critical path schedule: Execute the l>tasks and tasks Bq and Cj in 
the first x+1 time units. In the next 17x/10 - 1 time units execute the A-tasks. Then, execute Bj 
and C 2 , followed by the A z -tasks in the next 17x/10 - 1 time units, and so on, until B. executes. Then 
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Figure 4.X0 : The task system used in Lemma 4.14, 




F (m-3s-i)x 



The non-zero resource requirements of these tasks are: 
Each D-task requires t of resource 1 
B requires all of resource 1 

Bj requires alt of resource i, i>0 

Each A '-task requires a non-zero portion of resource i 

E requires all of the resources 

G, the C-tasks and the F-tasks require no resources 
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exccute E and G. In the final (m-3s-l)x/m time units execute the F-tasla. Thus, CPATH £ x + 1 + 
17xs/10 + 1 + (m-3s-l)x/m > x[2 + 17s/10 - (3s+ l)/mj. 

.'. CPATH/OFT £ x[2 + 17s/10 - (3s+l)/m}/(x + 2s + 3) 

limi^ _^ oo CPATH/OPT = 2 + 17s/10 • (3s+ l)/m. D 

Lsrnma 4J4: If 3s + 1 <; m and m < 10, then CPATH/OPT can be arbitrarily close to 

2 + 5s/3-(8s/3 + l)/m. 
Proof 

The task system we describe here combines various aspects of the systems used in Lemmas ill 
and 4.13. We use the task system structure from Lemm*4:I3 (ie, with the added tasks) and we assign 
the A-tasks resource requirements as was done in Lemma 4.11. 

More formally, assume s and m are given, Lerc; € (1/2* 2/3) and tot q * riog[(l-c)/(2-3c)p. 
Let x be an integer such that x = mod sm^, let z = [2 +cjx and let Y = 3c-2 + (l^/l 9 ' 1 . T et e 
= e = l/lO*** . Abo, for 1 <J k ^ q, let e k = 10e k .j. Consider the task system S* using these 
values of x, zande. 
Foreachil^i^s: 

1. (l-c)x of the A'-tasks have an Revalue of 1/2 + « 
(l-c)x of the A'-tasks have an Revalue of 1/2 - 2*0. 

2. ForO^k^q-1, 

(l-c)x/2 k of the A'-tasks have an Rj- value of 1/2 + i|. 
(l-c)x/2 k of the A j -tasks have an Rj-value of 1/4 + 2«|. 
(l-c)x/2 k of the A'-tasks have an R,- value of 1/4 - 4« k . 

3. Yx of the A'-tasks have an Revalue of 1/2 + e~. 
Yx of the A'-tasks have an Revalue of 1/4 + 2e Q . 
Yx of the A'-tasks have an Revalue of 1/4 - 4e Q . 
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These arc exactly the same specifications for the Revalues of the A*- tasks as given in Lemma 4.12. 
In addition to the usual tasks in S*, the following tasks are added to S*: 

1. G, a task whteh requires rw resources. 

2. F: for 1 <; j <J (m-[2+e]s-l)x. These tasks require no resource*. 
3.EwithRj(E) = lforl£i£8. 

The following precedence constraints are also added to the system: 
l.Forl<j£z,AJ<G. 
2.B s <G,andC s <G. 

3. For 1 £ j < (m-3s-lK E < Fj. 

An optimal schedule for mis system is similar to mat for the system used in me proof of the 
previous lemma. The B-iasks and task E are executed in the firsts+2 time units. In die next x time 
units the A-ta-ks, D-tasks and F-tasks are executed. In each of mose x time units, [2+cJs A-tasks, 1 
D-task and (m-{2+cH) F-tasks execute. For each i, mere are (l-cjx time units where two A'-tasks 
execute and there are ex time units where three A'-tasks execute, lathe final s time units the C-tasks 
are executed. Thus, OPT <, x -I- 2s + 2. 

Now consider the following critical path schedule; Execute the D-tasks and tasks Bq and Cj in 
the first x+ 1 time units, in the next [3/2 + c/4jx time units execute me A-tasks (this follows from 
the proof of Lemma 4.13, where tHA 1 ) = [3/2 + c/4|x^ Then execute Bj and C^ followed by the 
A^-tasks in the next [3/2 + c/4}x time units, and so on, unt* B s executes. Next execute E and G. 
Finally, execute the F-tasks in me final (m-f2+cjs-l)x/m time unite. ThuS,€PATH £ x + 1 + ([3/2 
+ c/4]x + l)s + 1 + (m-[2+c]s-l)x/m > x[2 + 3s/2 - (2s + l)/m + esfl/4 ■*■ l/m)l 
.'. CPATH/OPT > x[2 + 3s/2 - (2s+l)/m + cs(l/4 - l/m)J/(x + 2s + 2) 
limit,, _> 2/3 CPATH/OPT > x[2 + 5s/3 - (8s/3 + l)/mj/(x + 2s + 2) 
limi^ ^ oo CPATH/OPT = 2 + 5s/3 - (8s/3 + l)/m D 



Chaj^ 5: Critical P^^bedHlmaiDbcrckP^Hirees 

In this chapter we study critical path scheduling of UET task systems with discrete resources - both 
with and without processor constraints. Unfortunately, there aie no results for (his problem per se. It is 
possible, however, to make some conclusions about this problem based on results for CoffrnanOraham 
scheduling of UET task systems with 0-1 resources. These are UBF task systems with discrete resources 
in which each r 4 = 1 -- that is, there is exactly one unit of each resource, hence a task eimer requires all of a 
resource or none of it. Because CofTman-Graham schedules are a subclass of the critical path schedules, 
any lower bound on CG/OPT for UET task systems with 0-1 resources, is also a lower bound on 
CPATH/OPT for UET task systems with discrete resources. This follows because systems with 0-1 
resources are a subclass of the systems with discrete resources. Although at first glance, it appears mat 
any lower bound on CPATH/OPT obtained in this manner would be feiriy weak, wo will, in fact, (in 
section 52) be able to use such a lower bound to make some fatty strong statements about critical path 
scheduling of UET task systems win discrete resources. Before doing so, however, we present two resalts 
on Cofrman-Graham scheduling of UET task systems with 0-1 resources. 
11 rj>ffman-Gr ff ^ m s^ffitMing of systems with 6V1 neanurr^ 

Corrman-Graham scheduling of UET task systems with 0-1 resources has been studied by Goyal 
[Go] for the limited case of one resource. He shows that for m * 2,CG/GPT < 3/2 f andthatthisistfie 
best possible result The type of scheduling is also mentioned by Leung [LeL He conjectures that for 
UET task systems with 0-1 resources, Cofrman-Graham schedules provide substantially better 
performance than do list schedules. 

For purposes of comparison, we note that the results of Chapter 3 can be applied to UET task 
systems with 0-1 resources giving the results IJST/OPT «J 1 + s if there is no processor constraint, and 
LIST/OPT <J min{m, (2-1/m) + s( I -1/m)} if there is a processor constraint Moreover, both of these 
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results are the best possible bounds. 

In this section we prove the following two results on Coffiiian-Graharh scheduling of UET task 
systems with s 0-1 resources when s £► G: 
Theorem 5.1: If m £ n (no processor constraint) then CG/OPT j£ 1 + s. Moreover, this is the best 

possible result 
Theorem S2: If m ;> 1 (a processor constraint) then 

CG/OPT <J m if s>m 

m-1/2 ifts m-1 

(2-2/m) + s(l-l/m) ifs^m-2 
Moreover, mis is the best possible result 
These results show that Leung's conjecture about the relationship between Cofrman-Graham scheduling 
and list scheduling is wrong: Cofrman-Graham scheduling does not provide substantially better worst 
case performance man list scheduling for UET task systems with 0-1 resources. In fact, fbr systems iwith 
no processor constraints, Cofrman-Graham schedufcng has exactly me same worst case pcrfbrmanee as list 
scheduling. Wc will prove these two theorems, and then, in section 5.2, we will discuss how these results 
apply to critical path scheduling of UET task systems with discrete resources. 
5.1.1 The upper bounds 
lemma 5.1 : If m > n (no processor constraint), men CG/OPT < 1 + s. 

EffiQf 

This result is trivial because Q)f1tman-Graham schedules are a subclass af list schedules and as noted 
above, it follows from Theorem 3.1, for 'UET task systems wuh <M resources and no processor 
constraint that LIST/OPT ^ 1 + s. D 
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Lemma 5.2: If m > 2 ( a processor constraint! then 

CG/OPT £ m if s£m 

m-1/2 if s = m-1 

(2-2/m) + sO-l/ra) if s £ m - 2 
S.I.I.I ProofOutline 

Wc prove the upper bound in two stages. Initially, we show that, given a Coffman-Graham 
schedule, some of the tasks can be placed into sets Wn, ... » W_ (called segments) such that given tasks T € 
Wj and S € Wj + j, it must be thatT < + S, where < + is the transitive closure of the precedence relation. 
This property implies that all the tasks in segment Wj must execute before ajty. of the tasks in Wj + j 
execute. This allows us to examine each segment individually, and obtain a went ease bound for the 
length of the portion of the Coflman-Graham schedule where the tasks in the segment execute, to the 
length of an optimal schedule for the tasks in the segmerrt. This we do in the second stage of the proof. A 
portion of mis proof is largely a mochfication (to accomodate resource tasks) of a proof by Lam and Sethi 
[LSJ. In particular, most of the first stage of the proof aad the second half of me second stage of the proof 
are drawn from their work. 
S.T.I.2 Segments 

Before beginning, we make die following assumption about how tasks are assigned to processors 
when using list schedules (our formal definition did not mention which tasks execute on which 
processors). Since we arc dealing with URT task systems, this assignment is relatively simple: If Tj, ... , 
T x , with x £ m, are the tasks executing in a particular time unit, witi* LABBLfFj) > lABRLO^) * - * 
I ABEIXT X ), then task Tj executes on processor L Here -LABBUTj) «fefs to the label assigned to Tj 
using the Coffman-Graham labeling algorithm. Note that in the fet used to do the scheduling, Tj 
appears before T^ which appears before Jy and so on. 

Finally, a task T with Rm^Cr) = is a non-resource task, and a task T with R max (T) > is a 
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ESSQUEEStask. 

Now consider any CofTman-Graham schedule. As usual, we let CXI refer to both the set of time 
units comprising the Coffinan-Graham schedule and the length of that schedule. As noted above, we will 
form sets of tasks called segments. This is done in two stages. First we form blocks of tasks, and then 
combine those blocks to form segments. Blocks are formed front the Coffinan-Graham schedule as 
follows: 
Dcfiniton : Form blocks X q , X q . j, ... , Xq, for some q > 0, as follows: 

1. Uq is the task executed on processor one in time unit Bqq. 

2. For i > 1, Uj is the task executed on processor one in the maximal time unit B^ where: 

a. A non-resource task executes on processor one •o"B\« 

b. (VT * UjXT € B x => LABELCO < LABFJXU K )]. 

3. Forq > i £ 1, X^ = {T : <r(Uj) < <r(T) < tHJ H ) and LABEL(T) > LABEUU^)} 
X q = {T : a(T) < a(U q )and LABELfT) > LABEL(U q )} 

An example is shown in Figure 5.1. Note thatnotevery task belongs to a Mock* such a task is called an 
extra task. The last time unit of each block either contains an extra task or it has an idle processor. Also, 
for block X:, a(X:) = min{<y(T): T e X:}. That is, a(X:) is the earliest time at which a task of block Xj 
executes. 

The following lemma about blocks is useful: 
Lemma 5.3 : For q > i > 0, task Uj is a predecessor of each task in block Xj.^. 

Effiof 

Consider any Uj and block Xj.j. Three things should be noted: 

1. Uj is a non-resource task. 

2. Each task in Xj.j has a label at least as large as l.ABEL(Uj.j). 

3. Each task executed in the same time unit as Uj has a label smaller than LABEL(Uj.j). 
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Figure 5.1 : Example of the division of a Coffman-Graham schedule into blocks. 

Consider a task system with 3t>rocessors and one 0-1 resource. The precedence structure is given 
below. The numbers are tfie<3aflrh^xh^ rri^ttw libels ^ttle^ te^QL ^Tttcs^ «BMMrtt»«fr» w41!- be «»ecl terefer 
to the tasks. Circled tasks require the resource. 
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Blocks are outlined in the above schedule. 




Figure 5.2 : Example of the division of a Coffman-Graham schedule into segments. 

The task system given in Figure 5.1 is used. 

Schedule: 




Time units 

Segments arc outlined in the above schedule. 
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Now consider any task T e Xj.j which has no predecessors in Xjq. Why didn't T execute in tiie same 

time unit as Uj? Because LADEl/T) exceeds the label of each tadr executing with Uj, and Uj is a 

non-resource task, it follows that Uj < T. Thus, Uj is a predecessor of every task m Xj.j. D 

Segments are composed of blocks and a few extra tasks. Specifically, segments Wq* ... , W , for some p > 

0, arc formed as follows: 

1. Initially, let W = X q , let i = and let j = q - 1. 
2.Whilcj£0do 

if (VT € WjXVT' € XjJfT < + T'} 
then Wj is complete 

let W j+ j = Xj. let i = i + 1, andkt j = | - 1 
else let G = {E < Wj : LABEL(E) > LABEL(Uj)and (IT € WjJfT < + EJ} 
WW i = W i UX j UGandletj=j-l 
3. Let p = i, and W_ is complete. 
An example showing segments is given in Figure 5.2. Intuitively, segments are formed from left to right 
by combining successive blocks until a block is encountered, all of whose tasks arc successors of all the 
tasks already in the segment At this point the segment is complete and a new segment is started/Extra 
tasks are added to the segment for accounting purposes which arise in the second stage of the proof. 
Extra tasks which arc placed into a segment arc called latecomers . 
LcjniMi4: ForO<i<p,ifTeW i andT* €W i+1 ,thenT< + T'. 
Proof 

Consider any Wj and Wj + j for some i, < i < p. Assume that segment W j+ ^ consists of blocks X c , 
... , X^, for some k > 0. along with some latecomers. It follows from me construction of segments, 
for each T € Wj and T' e X c , that T < + T\ If k = (Lit also faflows thatdtcre are no latecomers in 
Wj + j, so the lemma holds. Thus, assume k > 0. From Lemma 5.3* for aft j, c > j > c-k, task IL 
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precedcs each task in X yi . Then by transitivity, each task T€ W^ precedes each task in X c U X c .j U 
... U X c . k . The only other tasks in Wj +1 arc latecomers. The first latecomer added to W i+1 is, by 
definition, a successor of a task in X Q . Each subsequent latecomer to Wj^j is* successor of either a 
task in some block ofWj + | or of a latecomer already in W j+1 . In cither case, by transitivity, each T 
€ Wj precedes each latecomer in Wj, j. Q 

Because of the preceding lemma, we arc free to treat each segment individually with respect to obtaining 

an upper bound. That is, because each task in segment Wj must execute before any task in W J+1 can 

P 
execute, wc have that OFF > Zj _ OPI^, where OPT is the length of as optimal schedule Mi flic entire 

task system, and OF^ is the length of an optimal schedule for a task system consisting of tie tasks in Wj, 

(and the precedence constraints restricted to mosc tasks); Moreover, OG = 2 j ~^CQ- V where CO is the 

length of a CorTman-Graham schedule for the entire task system, and CGj is the length of me portion of 

the Coffman-Graham schedule under consideration restricted to the tasks in W:. The equality follows 

because at least one task from each time unit belongs to some segment. In the next section we show that 

tot each i, <, i ^ p, CGj/QPTj ^ b, where b depends on me relationship of sand m. It follows that, 

given a particular relationship between s and m, CG/OFf <, b. Thus, in the remainder of the proof we 

assume that the Cofftnan-Graham schedule consists of a single segment W. That segment consists of 

blocks X q Xq, and some number of latecomers. We let OPT be an optimal schedule for the tasks in 

W. 

5.1.1.3 The individual bounds 

In this section wc complete the proof of the upper bound. As noted previously, m is a trivial upper 
bound on CG/OPT. This handles the case of a > m. Moreover, Geyal [GoJ has shown that CG/OPT ^ 
3/2 if s= 1 and m=2, and it has been shown {CG.I.S1 that CG/OPT £ 2 - 2/m if s=0and m £ 2. Thus, 
we assume that s > 1 and m > 3 in the remainder of this proof. 

The following lemma about segments is useful: 
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Lcmma 5,5 : If W contains blocks X ... , Xq, then there arc at least glatoceiaers in W. 

PjBPl 

We consider the procedure by which segments are loaned, and show that each time the 
else-clause in step 2 of that procedure is executed, at least one latecomer is added to W. Since the 
else-clause is executed fbreaeh block added to W(«xeefKdwfost btoclc), mc kwmia follows. 

Assume that blocks X., ... .Xj +i are already in W (along witft latecomers) and that there are 
tasks T € W and T * € Xj such that T < + T ' is false. Choose T so that it has no successors in W and 
T' sp that 4t has no predecessors in X:. Letl = {Te X:: T has no predecessors in X:}. Clearly, T' € 
I. Now consider U: + j. By definition U: + j € W. From Lemma 5.3, Uj + | is* predecessor of each 
task in X:. It follows from there being no transitive edges in the dag for <, that when labeling Us +1 , 
the largest |I| labels of its successors are the labels of the tasks in I. Now consider task T. By 
definition, LABEL(T) > LABEI.(U: + 1 ). Since T has no successor* in W, andT <+ T is fals<\ it 
follows that there is a task E < W such that LABFKE) > LABEIi(t^>and *(E) < *(Xj). Intuitively, 
the first condition holds because LABEIXE) must exceed the label of some task in I, since LABf2L(T) 
> LABEL(Uj + j). The second condition holds since E is not m -Xj. Therefore, each time the 
else-clause is executed in the procedure defining segments; at least ene latecomer is added to W. Q 

5JLLL1 Ihssasfis =.m;l 

Given a segment W. let a be the number of resource tasks in W and let d. be the number of time 

units in the Coffman-Graham schedule having a resource task executing on processor one. 

l-cmma 5.6: CG < (m OPT + a + 1V2 

Proof 

From the constructions of blocks and segments it follows that for each time unit B € CG, not having a 
resource task executing on processor one, that oneof the foflowing holds: 
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l.D is the last time unit in W. 

2. B is not the final time unit of any block. This means that there are at least two tasks of W which 

are not telecommand execete in B. 

3. B is the final time unit of Mock X { , fer some i -* a (fce,*ot the last block). This means that at 

leastone latecomer was placed into W when block Xj. j was added to W. 
Note mat there arc CG - d time units not having a resource *fck«sqgotii$ on processor ©ne, and for 
only one of these time units can item 1 (above) hold. Thus, d + 2[CG - d - 1] + 1 » 2 CG - d - 1 is a 
lower bound on the number af tasks in W, Since m OPT is an upper bound On thehuwber of tasks in 
W, we have m OPT £ 2CO - d - 1. 

Clearly d = a - k for some k £ 0. hence, m OPT ;> 2 CG ■■* {a * kj * 1. 
.".CG £(mOPT + a + l)/2-k/2 

^(mOPT + a + l)/2 q 

r fhree corollaries foHow directly from me proof of the above lemma: 
CmpJlaiy. 5J.: If a rcsouicc task executes on any processor other than processor one, men 

CG^(mOPT + a)/2. 
Cijmllaji 12: If m OPT ^ 2 CG - d, then CX3 < <m OPT + ayi 
Corollary 12: If any time unit with a resource task executing on processor one, has a task T € W, 

executing on processor two, and T is not a latecomer, men CO < (m OPT + a)/2. 
To complete the proof fors =s m-1 there are three cases to considen 
Cascl: A resource task executes on a processor other than processor one. 

From Corollary 5.1, it follows that CG/OPT < (m OFP + a)/(2 OPT). But a £ (m - l)OPT, since 
there are only m - 1 units of resource available at each time unit of OPT. 
.'. CG/OPT £ (m OPT + (m - l)OPT)/<2 OPT) 
- m - 1/2 
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£25£ Z- Each resource task executes on processor one and a «£ (in - 1) OPT-L 
From Lemma 5.6, CG/OPT £ (m OPT + a + l)/(2 OfI> i 

^ (m OPT + (m - 1) OWVa 0FO 
= m-l/2 
Case 3: Each resource task executes on processor one anoVa = (m - l).OPT> 

These conditions mean that in each time unit of OPT, m r 1 tasks require a resource, and that each 
resource task requires exactly one unit of one resource. In particular, consider the first time unit of 
OPT. Since m £ 3, (hence s ,j£ 2), there arc at least two resource tasks executing in that time unit 
Let T 1 and T 2 be two such tasks. In the Cofrman-Graham schedule, Tj and T 2 both execute on 
processor one. Without loss of generality, assume feat;T£ executes before T 2 * There are only three 
possible reasons why T^ did not execute with T| in the Coffman-Graham schedule: 

1. Due to processor constraints. That is, when T 2 was scheduled, the only?reason feat it was not 
scheduled to execute wjthTj, was that toe time »»4* teR % e3 ^ uta alread y ^"t 310611 m 
tasks. Let T 3 be the task which executes on processor two. It follows that LABELfTj) > 
LABELfTj) > LABEL(T 2 ), and that afTj) < a(T 3 ) < afT^ From Lemma 5.3, since Tj and 
T 2 have no predecessors in W, it follows? mat Tj and T 2 are in- btoek X q . Then, from the 
definition of blocks, T 3 e X q , hence T 3 € W. Thusj the time unit where Tj executes has a 
resource task executing on processor one and a task Tjj € W on processor two. Since T 3 is not a 
latecomer, from Corollary 5.3, CG ^ (m OPT + aM2. As^Casc I CG/OP1 < m - 1/2. 
2. Due to precedence constraints. That is, some task T 3 >f T 2 had not executed prior to time unit 
ffCTj) in the Coffman-Graham schedule. It follows that LABEMTj) > LABKLCFj) > 
LABEMT 2 ) and that cKTj) < a(T 3 ) < <*<T 2 ). As above, it follows feat T 3 is in W. But this is 
a contradiction, since T 3 must execute before T 2 in OI?T and T 2 executes in fee first time unit 
ofOPT. 
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3. Due to resource constraints. That is, some task Tj executes In the same time unit of the 
Coffinan-Graham schedule as Tj and requires the same resource as T 2 . It follows that 
LABELdi) > LABEUTp » LABEt(T 2 ) and thar <t(tfr<, o(J$) < a(T 2 ). As above, it 
follows that T 3 is in W. But this is a contradiction staceTFj is a resource task, and it doesn't 
execute on processor one. 
This completes the proof for the cases ^ m*l. □ 

1U12 BifiCjBsa^ia;2 

Given a segment W, the time units of the Coffinan-Graham schedule can be partitioned Into the 
following three sets: 

F = {B € CX3: |B| = m and < VT € B)fT € W and T * not a latecomer]} 

H = {BcCX3:B<Fand(lTeB)fTeWandTisiwtatateeomerandf is a resource task}} 

P = CG-F-H 
It follows that for each B 6 P, enher B has an idle processor of there is an extra task in B (this extra task 
mayormay not be a latecomer). The time units in Fare Mi time unit*, those in H are resource time units 
and those in P are partial time unit$. 

Lanjfia il= If the first dme unit of CG is either a ftill or resource time unit, then OPT £ jPf + 1. 
EBBrf 

Consider the partial time units of W and number mem (left to right) from 1 to |Pj. For I <» i < |Pf, let 
Vj be the task executed on processor one in the time unit immediately following partial dme unit i. 
let T* be the task executed on processor one in partial time unit 1. There arc two observations to be 
made: 

I. T* < Vj. To sec that this is so, consider the dme unit where T* executes. Since this is a partial 
time unit, any extra tasks in this time unit have a label smaMcr than LABRL(Vj). Since Vj 
executes after time unit o(T*), for some task T executing in that time unit, T < Vj. Suppose T 
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* T*. Since LABELfJ*) > LABELfJ), and Vj is the task with the highest label that either T 
or T* can precede, it must be that T*<Vj. 
2. For 1 <, j £ \P\ - 1, every T€ W, such that I AUELCT) £ LABEL(Vj), precedes a task R e W, 
such that LABEL(R) > LABEL(Vj + j)r To see that this is so> consider any task T with 
LABELfT) > LABEL(Vj). If T < Vj + 1 , the claim holds, so assume net. I .etT' be the task 
executed on processor one in partial time unitH 1. Sknilarty I© the previous observation, T ' < 
Vj + 1 . It follows from LABEI/T) > LABEUVj) and LABEUVj) > LABELrT'), that 
LABEL(T> > LABELfT' ). Since T* < V J+ j and T doesn^T must jaecedesome task R with 
LABEL(R) > LABEI^Vj +1 ). All mat remains is toshow that* < TftM If R is in some btock 
then it is in W, so assume that R is an extra task. If cr(R) < <r(X >, Qm R is a latecomer to W 
(it is added no later than when block X Q is added to W). If ^R>*£ *{X0) then R € X^ Since 
V j + 1 e X and LABEL(R) > LABEL(V: + 1 ), T*is* a contracHctlon since R is an extra task. 
Thus,R€W. 
From the above two observations, it follows that taskT* and every task T e W with LABEIXT) > 
LABEL(T*), precedes a chain of at least |P| - 1 task*(wMi each task of Itetfcham a member of W). 
Now consider the first time unit Bj of W. There are two cases: 
Case 1: Bi is a resource time unit. 

If some task T € (B A n W) precedes task T* then T precedes a chain of at least |P| tasks, each 
of which is in W, hence OFF > |P| + 1. Thus suppose that there is n# such task T. Since 
there is cither an idle processor or an extra task in Bj (which must have a lower label than T*), 
when T* was scheduled there was still room in »j for it Since T* couldn't have been 
prevented from executing there due to resource constraints Cr* 1 requires no resources), there 
must exist a task Q such mat Q < T*. Moreover, Q € W since T* e W andT* is in the first 
partial time unit of W (i.e. Q cannot be an extra task). Hence, Q precedes a chain of at least |P| 
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tasks, each of which is in W< hence OPT £ |P| .4 !■■■ 
Casq 2: Bj is a full time unit 

Let Aj A,^ be the tasks executing in Bj* t If each A i has a label cxeeeflrigiABEifT*) then 

there are at least m+1 tasks in W, each preceding a chain of at least |P| tasks, each of which is 

hi W. It follows that OPT £ JPJ+1. Thus assume Jhatifbr some A jf LABEL(Aj) < 

LABELCT*). Thea^ identically to Case h these ewste a task Q€W^ su(* that Q < T*, hence 

OPT>|P| + L D 

Now we complete the ^oof of the upper hound for s ^ m- 2. Note that it follows from previous 

arguments, that there are at least m|F| + JH| + 2 |Pf - 1 tasks in W. Again there arc two cases to consider 

based o»tfcne unit Bj of the Coffman-Graham schedule; 

CiSSl: Bjb a foil or resource time unit 

First note that OPT £ |Hf/s, m OPT £ m |F| + JHr + 2 |Pf - 1 and that OPT £ |Pj + 1 (from 
Lemma 5.7). Moreover, CG = |F| + |H| + |Pj, so 

m CG = [m jF| + (H| + 2 |P| - 1J + Km- 2)flPt + *» + Km DtHJhm + 3 
£ m OPT + (m - 2) OPT + (m ,~ l)sOPT - (to - 3) 
= (2m-2 + s(m-l)10PT^(m-3) 
^ {2m - 2 + s(m - 1)J OPT, since m ^ 3. 
. " . CG/OPT < (2 - 2/m) + s(l - Um% 
£ai£.2: Bj is a partial time unit 

Since Bj is the first time unit of the schedule, there aee no latecomers in Bj. Moreover, because it 
is a partial time unit, there must cither be an extra task or an idle processor in Bj, hence (Bj n W| 
^ m - 1. Since none of the tasks in Bj f> W requires^ resource, itfcllowt that each task in X_ - 
Bj has a predecessor in Bj H W. From Lemma 5.3 and the manner in which latecomers arc added 
to W, it follows that each task in W - X^ has a predecessor in X-. Then by transitivity, each task in 
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W - Bj has a predecessor in Bj n W. Now consider an optimal schedule for W. Such a schedule 
must have an idle processor in its first time uajt, since the only tasks that can execute there are 
those in Bj n W. Thus, m OPT £ m |F) + 1H| + 2 |P|. From the pn^tjftemma 5.7. it follows 
that OPT > |P|. Moreover, OPT £ |H|/s. Tim 

m CG = [m |F| + |H| + 2 |Pfl + Km -T) |H|] + [(m - 2) |P|J 
< m OPT + (m - l)s OPT + (m - 2>OPT 
= [2m-2 + s(m-l)JOPT 
.'. CG/OPT < (2 - 2/m) + s(l -1/m) □ 

This completes the proof of the upper bound. E 

5.1.2 The lower bounds 

In this section we prove that the upper bounds given in Theorems 5.1 and 5.2 arc the best possible 
bounds. We concentrate m proving that the bound given in Theorem 5.2 - the processor constraint CT$e - 
is the best possible result. At the end of the section we indicate how to modify that proof to show that the 
upper bound given in Theorem 5.1 - the no processor constraint case - is the best possible result 
I.cmma lg: If m > 2 (a processor constraint), the upper bound given in Theorem 5-2 is the best possible 
result 
The task systems we will use to prove this lower bound wiR consist of various combinations of the 
following two sets of tasks (Figure 5.3): 
Definition : An RES z -structurc consists of: 
1. The following tasks: 

A y for 1 < v < s, where A y requires only resource v 

B v j for 1 <v<s, 1 <j< z, where B y j requires only resource v 

C v for 1 < v < s, where C requires only resource v 
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FiRure5.3 : Two useftil structures 




a) An RES^-structurc. 




y+i 



b) A PREC^ystracture. 
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2. The following precedence constraints: 

A v < A v+1 and C v < C v+1 for 1 ^ v £ s-1 
Ay < B v+ X j for 1 ^ v < s-1 artd 
B y j < C v+l for 1 £ v £*-l and 1 < j £ z 
Definition : A PREC -structure consists oft 

1. The following tasks: 

Dj for 1 ^ j £ x, where D: requires no resources 

E^ for x-y < j <J x-1, 1 £ k <J m, where E:^ requires no resources 

Fj for 1 ^ j < x, where F: requires no resources 

2. The following precedence constraints: 

Dj < Dj + 1 and Fj < Fj +1 for 1 < j ^ x-1 

Dj < Ej ,. j k for x-y- 1 < j < x-2 and 

E jk < Fj + j for x-y < j % x-1 and 1 ^ k <, m 
For 1 < v < s, we will refer to tasks B yl , ... , B yz as B v -tasks, and^for x-y gj%*'l we will-refer to tasks 
Ejj, ... Ej m as Ej-tasks. 
These two structures can be combined by the use of the following precedence relations: 

1. RES r < PREC xy means that A s < D x 

C s< F i 

2. PREC X < RES Z means that D x < Aj 

D x < B lk for 1 < k ^ z 

F x< C l 
These precedence relations are shown in Figure 5.4. 

Now consider possible Coffman-G raham labclings of these structures: 



104 



Figure 5.4 : Precedence relations between the structures 
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Figure 5.5 : Bad CG labeling! 
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a) A bad CG labeling of RES 2 when s = 3. b) A bad CG labeling of PREC U when m = 2. 

Labels are given beside the tasks. 
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PcfipRipn: 

1. A Coffinan-Graham labeling of a Restructure is a bjd CG labeling if: 

1abc!(B vk ) > label(A v ) for 1 ^ v ^ s and 1 £ k £ z 
labcI(C Y ) > labeKA v ) for 1 £ v £ s 

label(C v ) > labcKB yk ) for 1 ^ v < s and 1 ^ k ^ z 

2. A Coffman-Graham labeling of a PREC_ -structure is a bad CG labeling if: 

label(E jk ) > label (Dj) for x-y < j < x-1 and 1 ^ k £ m 
label(Fj) > labcl(Dj) for 1 £ j £ x 
label(Fj) > label(Ej k ) for x-y < j < x-1 and 1 ^ k < m 
Figure 5.5 shows examples of bad CG labelings. 
Proof of Lemma 5.$ 

Assume that s > 1 and m > 2 are given. Let q, x, y and z be integers to be specified later. Consider a 
task system S* consisting of q+ 1 Restructures: RES*. ... , RES§ + A and q PRECj y -structures: 

PREC x,y PREC x,y Intuitively, we arrange these structures in a stack, alternating 

RES z -structurcs and PREC x ystructures, with a RfiS z -strueture o«*hc top and on the bottom of the 
stack (Figure 5.6). Formally, RESJ < PRECJ y for 1 £ i < q and PR£c| y < RES* + * for 1 < i < q. 
Now consider a Coffman-Graham labeling of S* in which each RES z -structure and each 
PREC X y -structurc has a bad CG labeling. To see that such a labeling exists, consider th6 point in the 
labeling process when labels have been assigned to the tasks in RESJ + '. Assume that this is a bad 
CG labeling. Now, PREC x>y can have a badCG labeling only if the labeling algorithm assigns a 
smaller label to D x than it docs to Fj. But, this is precisely what the labeling algorithm docs since 
RESj +1 has a bad CG labeling, hence labcl(C{ + 1 ) > label(AJ + 1 ) and labcl(C{ + 1 ) > labcl(BJ J" 1 ) 
for 1 < k < z. A similar observation can be made about a bad CG labeling of RES Z , given that 
PREC x,y nas a,read y been assigned a bad CG labeling. Thus, a Coffman-Graham labeling of S* in 
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Figure 5.6 : The task system S* 
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Figure 5.7 : The Cofrman-Graham schedule - execution of RES^ and PREC j x y after C\ has executed. 
The superscript i is omitted from the tasks. ' - 
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which each of the structures has a bad CG labeling does exist 

The initial portion of the list (used to schedule S*) which is formed as a result of this labeling is: 

(C}, B}-tasks, A}, C\, B^-tasks, A l 2 c\, B^-tasks, a\, fJ, d}, fJ, d\, ... .fJ.^, D|_ yl , P^ 

Ej. y -tasks, Dj. y Fj.j, Ej.j-tasks, dJ.j, fJ, dJ, cf, ...). Beginning with c| the pattern repeats 

for RESJand PREC^y, then for RESJ and PRECJ y ,and so on. 

The Coffinan-Oraham schedule produced from this list is as follows: Execute task cj in the 
first ume unit, followed by the remainder of RES* and task FJ in the next (2+ l)s time units (each 
B vk executes alone, since label(Bj k ) > labc^A}) and A J precedes all of the tasks that might execute 
with Bj k ). In the next x+y time units execute the remainder =of PRBcJ y and task c|. This consists 
of x time units in which two tasks execute per time unit and y time w>te in which m of the E^tasks 
execute per time unit. In the next (z+ l)s time units execute the remainder of RES- and task f\. And 
so on. TUe pattern repeats (Figure 17) until RESj + 1 executes in me filial (z+ l)s time unite. TTiis 
Coffman-Graham schedule has length 

CG = l+((z+l)s + x + y)q+(z+l)s. (I) 

Now we want to get an upper bound on die length «f an optimal schedule for this system. 
There are three cases to consider based on the three parts of the lower bound given in the statement 
of Theorem 5-2. 
Case 1: s ^ m 

Without loss of generality assumes - m. Let z be an arbitrary integer and letx = y = q = 0. The 
task system «V* consists just of RES.J. From (I),CG = 1 -f (z+ l)s =s sz + s + 1. 
Consider the following schedule for this task system: to the firsts time units execute the A^tasks. In 
the next z time units, execute all of the B^tasks/withs tasks executing per time unit - one task 
requiring each resource. Finally, execute the C^-tasks in me test s time units. This schedule has 
length z + 2s, hence OFT < z + 2s. 



-108- 

. * . CG/OPT > (sz + s + l)/(z + 2s) 
limi^ _> <» CG/OPT £ s = m. 
£ass2aidi : s^m-i 
Consider the following condition: 
Condition 1: For 2 < i < q, if the D'^-tasks. the A'-osks and the tasks in RlSJ" 1 have executed, 

then ail of the following tasks can be executed in the next z time units: die Bkasks, die D'-tasks, 

the E'^-tasks and the F^-tasks. 
Whether or not this condition holds depends upon the relative values of * m, x, y and z, Abo, if the 
condition holds nonvacuously (i.e. q £ 2), then the following also bold: 

1. If the A^tasks have been executed, then the D 1 -tasks and D^tasks can be executed in just z 
time units. 

2. If the n q -tasks, the A^ +1 -tasks and the tasks in RESj have been executed, then all of die 
following tasks can be executed in the next z time units: the B#"H*tasks, the E^-tasks and the 
F°«-tasks. 

Lcjnjai5^: If s = ml and x £ 2, with q = x, z = 2x and y = 0, then Condition 1 holds. 

Proof 

First observe that y = means diat there are no E'^-tasks for any i-1. The B j tasks, D'-tasks and 
F 1 " -tasks can be executed in just z time units as follows (Figure 5.8): In time unit k, execute 

tasks Bj k I^ k . Since s = m-1, this utilizes m-1 processors in each of the z time units. The 

D'-tasks and F'^-tasks execute on the unused processor die D'-tasks executing m the first z/2 
(=x)timcunitsandth€F'" 1 -taskscxccuUnginmesecojidz/2<=x)timeunits. D 

ffCmma lifl: If s < m-2 and x is an integer such that x > 2 and (x?l) * Otnod m, with z = x, q = x 
and y = (m-s-2)(x-l)/m, then Condition 1 holds. 
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Figure 5.8 : Execution of the tasks -Lemma 5.9. 
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Figure 5.9 : Execution of the tasks -Lemma 5.10 
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Figure 5.10 : A "good" schedule. 
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Proof 

First observe that y is an integer and that there are (m-s-2)(x-l) of the E l_1 -tasks. The B'-tasks, 
D'-tasks, E'^-tasks and F^-tasks, can be executed in jusU time units as follows (Figure 5.9): In 
time unit k, execute tasks Bj k , ... , B^, D^ and FJ" 1 ', This utilizes s+ 2 processors, leaving m-s-2 
processors at each time unit to execute the E 1 -tasks on. These tasks are executed in time units 1 
thru z-l (=x-l), with m-s-2 of the E 1 -tasks executing per time unit Q 

To complete the proof of the lower bound we assume that q, x, y and z are chosen such that 
Condition 1 holds. Consider the following schedule for the task system (Figure 5.10): In the first s 
time units execute the A l -tasks. Execute the B^-tasks and D*-tasks in me next i time units. This is 
possible since Condition 1 holds. In the next s+1 time units execute the C^tasks and the A 2 -tasks. 
Now execute the B 2 -tasks, D 2 -tasks, E^-tasks and F*-tasks in the next z time units. This is possible 
since Condition 1 holds. In the next s+ 1 time units execute the C -tasks and the A^-tasks. Now 
execute the B 3 -tasks, D 3 -tasks, E 2 -tasks and F 2 -tasks in the next z time units. And so on. This 
pattern continues until the C^-tasks and A^ +1 -tasks execute. Then execute the B^+^tasks, 
E^-tasks and F^-tasks in the next z time units. Again, this is possible since Condition 1 holds. 
Finally, execute the C q+1 -tasks in the last s time units. This schedule has length (s+z+l)q + z + 
2s. Thus, given s and m, provided q, x, z and y are specified so Condition 1 holds, we have: 

OPT<(s+z+l)q + z + 2s. (II) 

Case 2 - completion : s = m-1 

Let x be an arbitrary integer with q = x, z = 2x and y = 0. By Ixmma 5.9, Condition 1 holds, 
and from (II), OPT < (s+2x+l)x + 2x + 2s = 2x 2 + (s+3)x + 2s. From (I), CG = 1 + 
((2x + l)s + x)x + (2x+l)s = (2s+l)x 2 + 3sx + s + 1. 

.*. limi^ _> oo CG/OFr = (2s + l)/2 = s + 1/2 = (m-1) + 1/2 = m - 1/2. 
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£as& I z wmiMM: s £ m - 2 

Let x be an integer such, that %■■>■■$ and (x-l) ^ mod m, with i - x, q = x, and y = 
(m-s-2Xx-l)/m. By Lemma 5.10, Condition 1 holdfc and from (Ilk OPT £ (s+x+l)x + x + 2s 
= x 2 + (s+2)x + 2s. From (I), CG = 1 + ((x+l)s + x + (m*s-2Xx4Mm)x + (x+l)s = 
((2-2/m) + s(14/ib))x 2 + (2s- (m-s-2ym)x + $ + L 
. • . limi^ _> go CG/OPT > (2 - 2/m) + s(l - l<*m) 
This concludes the proof of Lemma 5.8, showing (that the botmd given in Theorem 5.2 is the best 
possible bound. C3 

Lemma S.11 : If m ^ n (no processor constraint) then the upper bound given in Theorem 5.1 is the best 

possible upper bound. 
Proof 

Consider a task system S* as described in the previous proof, with x an integer, x > 2, z = x, q= x ind 
y=0. It follows from mat proof (equation I}that there exists a Corlman-Graham schedule for S*<of 
length 

CG = 1 + ((x+l)s + x)x + (x+l)s = (s+l)x 2 + 2sx +* +1. 
From the proof of Lemma 5.10, it follows that Condition 1 holds given these values of x, z, q and y. 
This in turn implies that equation II given there holdfc hence there exists a (optimal) schedule for 5* 
of length 

OPT < (s+x + l)x + x + 2s a x 2 + (s+2)x + 2s, 
,\ CG/OFr < Rs+l)x 2 + 2sx + s + lj/{x 2 + (s+2)x + 2s] 

lil " i tx-*oo CG/OPT = 1 + s D 

12 The implication for critical path scheduling 

Now we consider the implication of the above results for critical path scheduling of UET task 

systems with discrete resources. Because Cofrman-Graham scheduling is a subclass of critical path 
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scheduling and UET task systems with 0-1 resources are a subclassof UET task systems wim discrete 
resources, we have the following two tower bound results for UET task systems wkh discrete resources: 
Theorem 5J: If m £ n (no processor constraint) men, in the worst ease, CyATH/OPT can be arbitrarily 
dose to 1 + s. 

Theorem 14: If m > 2 (a processor constraint) then, in the worst ^ case, €PA*FH/OPTcan be arbitrarily 
close to m if s^m 

m - 1/2 if s = m - 1 

(2-2/m) + s(l-l/m) if s^m-2 
In the remainder of this section we concentrate on critical path scheduling of systems without processor 
constraints. Similar remarks apply for critical path scheduling of systems with processor constraints, 
except that they are complicated by the fact that the lower bound has three portions. 

The result in Theorem 5.3 can be compared to the rouK of Garcy, etal. fGGJYfc for critical path 
scheduling of UET task systems with continuous resources. That result is CPATH/OPT <, 1 + 17s/10. 
If we let f(s, r lt ... , r g ) be the best possible worst case bound for critical path scheduling of UET task 
systems with discrete resources, we have: 

1 + s £ Ks.rj r^^l + Hs/ie (lit) 

Several remarks can be made about equation -III. 

First, regardless of the actual values of rj r s , the function f is essentially a linear function in s. 

The values of q r s (i.e. the distribution of units of resource among the various resources) are 

relatively unimportant in determining the worst case bound on CPATH/OPT. This is in sharp contrast to 
the situation for list scheduling of UET task systems with discrete resources. In that instance, the bound 
was IJST/OPT £ 1 + r where r = 2f =1 rj. There, the number of different resources didn't matter at 
ail -only the total number of units of resource of any kind in the task system. 

Second, relatively little additional information about the worst case performance of critical path 
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schcdnling for UET task systems with resources is to be gained by explicidy obtaining the function f. 
That is, the results on the worst case performance of critical paUi scheduling provided by the continuous 
model are going to be relatively close to those provided by the discrete model. These bounds are related 
by a constant - both are bounded by linear functions of s. Again this contrasts sharply with die results of 
Chapter 3 on list scheduling. In that chapter, we saw that the list scheduling results based on the discrete 
model had a much higher information content than those based on the continuous model. Here, they do 
not 
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Chapter 6 • Overview: UET Results 

6.1 Summary 

In the past several chapters, we have studied list and critical path scheduling of UET task systems 
with resources. The formal model of task systems with resources used in most previous work involving 
the analysis of scheduling heuristics for these types of systems, involves continuous resources. That is, 
there is one unit of each resource and a task may require any portion of that one unit We noted that 
there arc some serious questions about the appropriateness of that model in regard to certain applications. 
In particular, the assumption that resources are continuous seems inappropriate for applications where 
the available quantities of each resource arc small. To try to overcome these perceived shortcomings of 
the model with continuous resources, we introduced UET task systems with discrete resources. In that 
model, mere are a specific number of units of each resource, and a task may require only integral 
numbers of those units. Our hope was that performance bounds based on this model with discrete 
resources would provide substantially more information than bounds based on the model with 
continuous resources. In particular, information about the affect on performance of increasing or 
decreasing the available units of resource in the system. Moreover, we noted that depending upon the 
particular application, the presence of processor constraints was or was not appropriate. Thus, we 
investigated the worst case performance of list and critical path scheduling for four models: those with 
discrete or continuous resources and with or without processor constraints. A summary of the major 
results now known about these problems is given in Table 6.1 . Of the results given there, we note that the 
two results for UET task systems with continuous resources and no processor constraints arc due to 
Garcy, ctal. [GGJY], and that the rest of the results arc given in this thesis. 

Finally, to reiterate the remarks made in the last chapter about the relationship between the models 
with discrete and continuous resources, we found that our expectation that bounds based on the model 
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Figure 6.1 : Summary of the results for UET task systems with resources 
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Unless otherwise noted, each of the above results is an upper bound. 
Except where notct, all of these results are given in this thesis. 
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witli discrete resources would have a much higher information content than bounds based on the model 
with continuous resources, was both right and wrong. For list scheduling, this was certainly the case - the 
results were particularly strong for the model with discrete resources and were particularly weak for the 
model with continuous resources. For critical path scheduling, wc found that while bounds based on the 
model with discrete resources should have a slightly higher information content than bounds based on the 
model with continuous resources, the additional useful information is not nearly as great as for list 
scheduling. For this reason, obtaining tight bounds for critical path scheduling of UET task systems with 
discrete resources does not appear to be a particularly important problem. 
6.2 Open Problems 

There are obviously a large number of questions which remain unanswered as a result of this 
research. Wc mention only a few of the problems which we feel are the most important here. 

First, is to analyze the worst case pcrfbrmancc of other scheduling algorithms with respect to the 
task system model with discrete resources. In particular, the performance of the resource decreasing 
algorithm. This is a list scheduling algorithm in which the tasks arc ordered in the list according to their 

R max* valucs " tasks with thc ,ar 8 est R max" va,ucs comm 8 first > n ** H*- This algorithm has been 
analyzed by Garey, etal. {GGJY] for UET task systems with continuous resources and no processor 
constraints. For that model they show that RDEC/OPT ^ I + 17s/l0, and that task systems and 
resource decreasing schedules for those systems exist, such that RDEC/OPT > 1 + 1.69s (where 
RDEC/OPr is the worst case ratio of thc length of a resource decreasing schedule for a task system to the 
length of an optimal schedule for that task system). Note mat this is the same upper bound as that for 
CPATH/OPT. An interesting question which might be answered via thc model with discrete resources, is 
whether or not resource decreasing schedules and critical path schedules are as comparable as they appear 
based on the worst case performance bounds for UKr task systems with continuous resources and no 
processor constraints. 
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Second, is to find algorithms which have a worst case pcsfeiiliance bound substantially better than 
0(s). Consider, for instance, the scheduling of UET task systems with 0-1 resources and no processor 
constraints. All of the scheduling alogrithms that we have examined - list, critcal path, Coffman-Graham 
- as well as the resource decreasing algorithm (and simple variations of it), have a worst cascpcrformance 
bound of 1 + s when applied to these systems. An algorithm which had any kind of sublincar (in s) worst 
case performance would be a significant advance. Presumably, such an algorithm for UET task systems 
with 0-1 resources could be extended to provide a sublincar algorithm for more general UEr task systems 
with resources - either continuous or discrete. 

Third, is the analysis of scheduling algorithms with respect to the model with discrete resources in 
other contexts. For instance, in a model with no precedence constraints, but where task execution times 
are not restricted. In Chapter 7 we give two results on the worst case performance of list scheduling for 
that particular model. 
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OaiteEliNQn-UET results 

In this chapter we investigate list scheduling of task systems with resources where no precedence 
constraints exist and where task execution times are not restricted. As noted previously, this submodel is 
one of the two major submodels used to investigate scheduling algorithms. Also as mentioned earlier, we 
note that there is not always a list schedule of optimal length for such task systems. Despite that, because 
list schedules arc intuitively simple and are easy to construct, they provide the basis for most scheduling 
algorithms for task systems of the type we study here. In this chapter we deal exclusively with list 
scheduling. For comparison purposes, we note that Graham {G66J has shown that if m J> 2 (a processor 
constraint), men LIST/OPT < 2 - 1/m, and that this is the best possible result. We also note that if m > 
n (no processor constraint), then LIST/OPT = 1. 
7.1 Continuous resources 

The only two significant results for list scheduling of task systems with continuous resources and no 
precedence constraints, are by Garcy and Graham. They show [GG73, GG75] that if m ;> n (no 
processor constraint), then LIST/OPT ^ 1 + s and, IGG75J, if m > 2 (a processor constraint), men 
LIST/OPT < min{(m + 1)/2, s+ 2 - (2s + l)/m}. Moreover, they show that both of these bounds are the 
best possible. 

22 discrete resources 

There are no previous results about the scheduling of task systems with discrete resources and no 
precedence constraints. In this section we prove the following two results about such systems: 
Theorem 7.1: If m > n and s= 1. then LIST/OFF <| 2 - 1/ij. Moreover, this result is the best possible. 
Theorem 12: If m > n, s=2, and r 2 = 1, then LIST/OPT ^ 2 - l/rj. Moreover, this result is the best 
possible. 
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7.2.1 Discussion 

There are three things to be noted about these results, 

First, and most obvious, is that given a system with a single type of resource, the addition of a single 
unit of a second type of resource has no. affect on the worst case performance of list scheduling. This is 
somewhat surprising, and the question arises whether this is a general phenomenon. That is, can single 
units of a third resource, a fourth resource, and so on, be added to the system without affecting the worst 
case performance of list scheduling? Not surprisingly, the answer is no. Figure 7.1 shows an example of a 
system where the addition of a single unit of a third type of resource results in a worst case bound 
exceeding 2 - 1/rj. 

Second, it is interesting to note that for the special case of r^ = ^ = 1, list schedules are optimal. 
As the example in Figure 7.1 shows, this phenomenon does not generalize. 

Third, we c?m compare these results to those for task systems with continuous resources. For 
systems with s = 1, the results for continuous resources indicate that USf/OPT < 2. Our results show 
that LIST/OPT < 2 - 1/r-j. Obviously, for systems with a small number of units of resource, our result 
provides a somewhat better indication of the worst case performance of list scheduling. For systems with 
s = 2, our results show how significant the difference can be between the discrete and continuous bounds 
when small quantities of resources arc involved. For example, if r^ = 2 and ^ = 1, our bound shows that 
LIST/OPT < 3/2. The bound based on systems with continuous resources is LIST/OPT £ 3. 
Moreover, if rj = Tj = 1, then our bound indicates that list scheduling is optimal. Again the bound 
based on systems with continuous resources is LIST/OPT <J 3. 
7.2 r 2 Upper bounds 

In this section we prove the two upper bounds associated with Theorems 7.1 and 7.2. In the next 
section wc show that those two bounds arc the best possible upper bounds. 

Note that wc can prove both of the upper bounds, merely by proving the upper bound for the case 
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of s = 2 and r 2 = 1 (Theorem 7.2). From such a proof it follows immediately mat me same bound holds 
for s = 1 (Theorem 7.1). Similarly, if we show that the upper bound is achievable for the case of s = 1 
(Theorem 7.1), then the bound is achievable for the case of s = 2 and r 2 = 1 (Theorem 7.2). Before 
proving these results, we have the following mathematical facU 
Claim 7.1: If X < D, and B £ AC, with A, a €, D, X all non-negative, then 

(X + A)/(CX + B) ^ (D + A)/(CD + B) 
Effifif 

Assume X < D and B £ AC. Then B - AC ^ 0, so 
(B-AC)X£(B-AQD 
-» BX + ACD < BD + ACX 

=> CDX + BX + ACD + AB ^ CDX + BD + ACX + AB 
=*• (CD + BXX + A) ^ (CX + BXD + A) 

=*• (X + A)/(CX + B) < (D + A)/(CD + B) □ 

I.emma 7.1: Ifm >n,s=2andr 2 =l, then LIST/OPT <> 2- 1/q. 
Effiflf 

Consider any task system with two discrete resources, where r^ ^ 1 and r 2 = 1. Let LIST be any list 
schedule for that system. Similarly to an earlier proof, for each JUme tuik B of LIST, we let Rj(B) = 2 
RjfT) summed over all TeB, and RELIST) = 2 Rj(B) summed over all time units B in LIST. There 
are several cases to consider based on the resource usage in various time units of LIST. 
Case 1; In each time unit B of LIST, R^B) = 1. 

Since r 2 = 1, this means that LIST = OPT, hence LIST/OPT = 1< 2 - 1/q. 
Case 2: In each time unit B of LIST, R 1 (B)>r 1 /2. 

Since R^B) > rj/2, we have Rj(B) > (r x + l)/2. Ilicn RELIST) > (rj + l)LIST/2. But, OPT 
> R ^LlS'O/r^ It follows that OPf > [(r x + l)UST/2l/t v 
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.'. LIST/OPT <, 2^/(^ + 1) = 2 - 2/0-j+l) < 2- l/r r 
Case 2: In some time unit B of LIST, Rj(B) < r x /2 and R^B) = 0. 

Let F = {B € LIST: R X (B> < q/2 and R^B) = 0J and let B*€ F, be a time unit such that 
R X (B*) = minCRjCB): B € F}. Let s = maxMT): T€ B*} and let f « max{<KT> + t t - 1: T € 
B*}. That is, s is the latest starting time of any task in ft* and fifths latest finishing time of any 
task in B*. Note that at least one task in B* has an execution time at least as large as f - s + 1 (in 
particular, each task which flnishs at time unit f). 

Now consider any time unit Bj, 1 < i < s. There is at least one task T* in B* which did not 
execute in Bj (in particular, a task starting at time unit s). Task*T?ihusl have been prevented from 
executing in Bj by the resource constraints. In particular, since R^fF*) == ILK was prevented from 
doing so by the constraint imposed by resource 1. Thus. Rj(B,) -KftjfT*^ rj, hence, Rj(Bj) + 
R^B*)^. 

Similarly, consider any thne unit Bj, f < i < LIST and any task T € Bj. Task T did not 
execute in time unit B* due to the constraint imposed by resource 1. Thus, Rj(T) 4- R^B*) > rj, 
hence, Rj(Bj) + Rj(B*) > r^ 
Finally,lctd = R 1 (B*) 

e = minfR^Bj): 1 £ i < s or f < i £ LIST} 
x = f - s + I 
y = LIST-x 
As noted earlier, at least one task executes for at least x time units. For each of the x time units, Bj, 
s < i < f, RjfBj) > Rj(B«). Also, y = (s - 1) + (LIST -f) and LIST = x + y. Moreover, from 
the arguments given above c J> rj - d + 1. The situation is*hown m Figure 7.2a. 
. ' . OPT > max{x, [dx + cy^} 

;> max{x, [dx + (r x - d + l)yj/rj}. 



Figure 1.2 : Resource usages in a list schedule 
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Intuitively, OPT is at least as long as the time it takes to execute any task (and some task has an 
execution time of at least x), and is at least as long as a schedule in which resource 1 is fully utilized 
at each time unit There are two subcases to consider: 
Sltael: x > [dx + (rj - d + l)yl/r 1 

It follows that x > (rj - d + lty/^ - d) and that LIST/OPT ^ (x + y)/x = 1 + y/x. If d = 
0, then y = 0, hence LIST/OPr = 1, so assume that d > 0. Then, substituting for x, 
LIST/OPT £ 1 + (r 2 - d)/< ri - d + 1) 
= 2-l/(r r d + i) 
^2-1/rjsincedX). 
Subcase 2: x < [dx + (ij -d + OyJ/rj 

It follows that x < (rj - d + l)y/(r 1 - d) and that LIST/OPT £ (x + yMdx/ij + (rj - d + 
l)y/rjl Moreover, since d < rj/2, it follows that (rj - d + l)/rj > d/ij. 
Using Claim 7.1, with A = y, C = d/q, B = (r x - d + l)y/rj, and D = (rj - d + l)y/(r} - d) 
we have 

LIST/OPT < Krj - d + Dy/^j - d) + yJ/Kd/r^rj - d + l)y/(rj - d) + (rj - d + lfr/r^ 
= 2-l/( r]l -d + l) 
<2-l/r 1 sinced>0. 
Cjsg £ In each time unit B of LIST, either Rj(B) > rj/2 or R^B) = 1. 

Let F = {B € LIST: Rj(B) = 1}. Also, let B* € F, be a time unit such that Rj(B*) = min{Rj(B): 
B € F}. Note that Rj(B*) < q/2, since otherwise every B € LIST has R^B) > rj/2. This was 
handled in case 2. 

Now consider any time unit B i preceding B* in LIST such mat R^Bj) = 0. Since R^B*) = 
1, mere is at least one task T* in B* which docs not execute in Bj. The reason that it does not 
execute in Bj is because of the constraint imposed by resource 1. Thus, Rj(Bj) + Rj(T*) > rj, 
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hence R^Bj) + R^B*) > r r 

Similarly, consider any time unit Bj following B* such that R^^'i} = ^ ^ ere must De a ^^ 
T in Bj which does not execute in B*. This follows because Rj(B*) < rj/2 and q/2 < R^(Bj). 
The constraint imposed by resource 1 is the reason that T does not execute in B*. Thus, Rj(T) + 
R 1 (B*)>r 1 ,soR 1 (B i ) + R 1 (B*)>r 1 . 
Finally, let d = R X (B*) 

e = min {R X (B) : R 2 (B) = 0} 
x = |{B e LIST: R 2 (B) = 1}| 
y = LIST • x 
Note that y = |{B: R2(B) = 0}| and that LIST = x + y. Moreover, by the argument given above, 
e > r^ - d + 1. The situation is shown in Figure 7.2b. 
.'.OPT > max{x, [dx + ey]/^} 

> max{x, [dx+(r 1 -d+ ljyj/rj} 
As in Case 3, it follows that LIST/OPT < 2 - l/r r □ 

7.2.3 Lower bounds 

In this section we show: 
Lemma 22: If m > n and s= 1, tlien the bound LIST/OPT < 2 - 1/r^ is the best possible bound. 
Proof 

Consider a task system consisting of the following tasks: 

1. A, with t^ = q and Rj(A) = 1. 

2. Bj for 1 < i < rfa - 1), with t b . = 1 and R^Bj) = 1. 

There are, of course, no precedence constraints. The system is shown in Figure 7.3a. Consider a 

schedule for this system generated from die list: (Bj, B 2 B f , r . ^, A). Such a schedule (Figure 

7.3b) consists of ri - 1 time units with ri B-tasks executing in each time unit, followed by the 



Figure 7.3 : The bound is achievable 
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execution of task A. This requires an additional q time units. Thus, LIST = (ri - 1) + n = 2n - 1. 
Now consider a schedule for this task system generated from the list: (A, Bi, B 2 , ... , B f / . ^). Such 
a schedule (Figure 7.3c) consists of t± time units. In each time unit, task A is executing on the first 
processor, and r± - 1 B-tasks are executing on the other processors. Thus, OPT = rj. 

. ' . LIST/OPT = (2r : - 1)/^ = 2 - l/r r □ 
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Chaoter 8 - Concurreiit Task System 

In this chapter wc investigate an extension of the basic task system model that was discussed in 
Chapter 1. This extension allows tasks to require more than one processor at each step of their execution. 
&1 The model 
A task system with concurrency is a system S = <T, <, m, O where: 

1. T = {Tj, ... , T n } is a set of tasks - associated with Tj is a positive integral execution time tj. 

2. < is a partial order specifying precedence constraints between the tasks. 

3. There arc m identical processors. 

4. C Q {1, 2, ... , m}. The elements of C are de grees of c o ncurrency. 

Associated with each task Tj, is a degree of concurrency qj € C. Intuitively, task Tj must execute for tj 
time units, and requires qj processors for each of those time units. Task Tj is said to require Tjqj 
processor units to execute. When convenient, we let q^ represent the degree of concurrency of task X. 
A valid schedule for a task system with concurrency S is a mapping a: T -+ (N - {0}) such that: 

1. For all / € (N - {0}), Qj < m, where Qj = 2 q { summing over all Tj such that a(Tj) <J / ^ 
afjj) + tj - 1. 

2. If Tj < Tj. then a(Tj) + T j - 1< ofTj). 

As far as performance hounds arc concerned, wc restrict our attention to list schedules. Intuitively, for 
task systems with concurrency, a M schedule is one where, if m - k processors are available, the first 
unexecuted task on the list, all of whose predecessors have completed and whose degree of concurrency 
docs not exceed m - k, is executed. More formally, a task T is ready at time / if for every Tj such that Tj 
< Tj, <x(Tj) + tj - 1< /. A lis! schedule is a valid schedule which is generated as follows: 

1. Initially, L is an (ordered) list of the tasks in 7 and /is 1. 

2. While L is nonempty perform this step 
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a. Let k = 2 q t summed over all Tj t L such that crfTj) < I < <jr(Tj> + t j - 1. 

b. Let L ' be a list of the ready tasks on L at time /, the tasks in the same order on L ' as on L. 

c. While L ' is nonempty and k < m perform this step 
i. LetT be the first task on L' . 

ii. If q-p < m - k, 

then let cr(T) = /, let k = k + q T and remove T from L 
iii. Remove T from L ' . 

d. Let / = 1 + min {a(Tj) + r { - 1 : T { i Land a(Tj) + r { - 1 £ /}. 

Examples of a concurrent task system and a list schedule for that system are given in Figure 8.1. 

A task system with concurrency in which all tasks have the same execution time (which is assumed 
to be one) is a concurrent UET Jgsk. system . All of our results arc .about concurrent UET task systems. 
As with the basic UET task system model, no generality is lost by restricting our attention to list 
schedules when dealing with concurrent UET task systems, since there is always a list schedule which is 
an optimal schedule. 

The task systems with concurrency model arises from several sources. A situation where one 
processor is to monitor another processor on a particular set of jobs is an example of a task explicidy 
requiring more than one processor. Moreover, with the current interest in parallel processing, the 
development of algorithms which require several processors to be simultaneously devoted to a single task 
seems inevitable. Apart from computer applications, task systems with concurrency model certain 
practical situations more precisely than standard task systems. For example, a construction company may 
want to allocate its supply of men to complete some system of jobs. They know the number of men and 
the number of hours required to complete each job and arc interested in completing the system of jobs as 
soon as possible. This problem is naturally modeled as a scheduling problem for a task system with 
concurrency. 
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Figure 8.1 : An example of a task system with concurrency 
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As is the case with several other extensions of the standard model a task system with concurrency 
can be viewed as a restricted type of task system with rwosrecs. That Is, given a task system with 
concurrency S, consider a task system with one discrete resource and no processor constraint 
Furthermore, suppose there are m (the numher o/p«ocessofi in- S) units of that resource available and 
each task requires a units of the resource where a € C. This restricted type of tasMystem with discrete 
resources is equivalent to a task system with concurrency, l*ar*ud».as this rclauonship exists, our 
results can be viewed as results for this restricted type of task, System wiik resources. However, we feel 
that the approach through the resource model is an unnatural one for the problems we have described 
and that the task systems with concurrency approach is more instructivcy We know of no results about 
task systems with concurrency other than those presented here. 
L2 The coraplexitv of concurrent 1 1FT scheduling 

In this section we give two NP-complctencss results involving concurrent UET task systems. In 
subsequent sections other aspects of the problentarc examined, based on the probable non-existence of 
polynomial time^ algorithms for finding optimal schedules fer such systems. 
&2J. Arbitrary concurrency, bo precedence constrauiis 
Consider the following decision problem: 

CONCURRENCY: Given a deadline d * , and a concurrent UET task system in which m is arbitrary, 
< is empty (i.e. there arc no precedence constraints) and C =» {1, ... , m}, docs there exist a schedule 
for the system with length not exceeding d'? 
CONCURRENCY is stated as a decision problem, rather than as an optimkation prtAlem, so that it is 
easily seen to be in NP. Note that any degree of concurfcncy up to the number of processors is allowed. 
BeiircjiiSJL: CONCURRENCY is NP-complcte. 
Proof 

Garcy and Johnson (GJ79J have noted that the problem of scheduling task systems with arbitrary 
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execution times and no precedence constraints to meet a deadline d oh p processors is NP-complete. 

That problem reduces to CONCURRENCY by exchanging each execution time for an equal degree 

of concurrency and letting d' sp and m=d D 

R.2J ftoundcdctmcurrcncvarhitrnrvnrocodoncGconstraiirts 
Consider the following decision problem! 

12CQNCURRENCY : Given a deadline d" , and a concurrent UET task system m which mere are 3 

processors, < x is arbitrary and € * {1,2}, does there exist a schedule forme system wiuYlehgtn not 

exceeding d'? 
It has been shown by Ullman|U7SJ that the following problem is NP^omptete: 

NOIDLE : Given a deadline d, such that n = dm and a UET task system <T, <, m> in which m and < 

are arbitrary, and T - {Tj, ... , T n >, dogs there oust a schedule for the system with length not 

exceeding d? 
Intuitively, NOJDLE asks if die specified task system can be scheduled so that no kflc time exists in the 
schedule. The remainder of this section is demoted to showing that 12CONCURRENCY is 
NP-complcte. The reduction given here is an adaptation of a construction developed 'by Uflman [U76J. 
Theorem 8.2: 12CONCURRENCY is NP-complete. 
Pjgpi 

Let a UET task system 5" = <T, <, m> and a deadline d, soch that n = dm, be ah instance of 

NOIDI-E Consider the following instance of 12CONCURRENCY: 

1. Lctd' =2md,andlet5 , =<r, <',3,{U}>. 

1 For each task Tj € T % there arc two tasks T { and T{ in V . Each has an execution time of one. Let 
qj = 2,qj = l.andT} <• Tj. Moreover, if the relation V < Tj exists in S. then flic relation V<' 
T'| is in S' . Call tasks T; and T| regular tasks, 

1 There are 2md tasks Xj, for 1 <, i £ 2mA For each i, 1 ^ » < 2md - 1, the precedence constraint 
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Xj < ' X i+ j is in S' . Furthermore, if ^ (i - 1 mod 2m) ^ m - 1 then q x . = 2. otherwise qv 

= 1. Calleach Xjaiaffiteurlafik. 
Note that a schedule for S' meeting the deadline d ' ..can have no idle time, since the schedule for S 
meeting deadline d is to have no idte time. 

Claim : If a schedule of length d exists for S, then a schedule of length d' exists for S' . 
Proof 

Consider a schedule of length d for S. Consider any time unit / in that schedule, and let Tj 

T; be the tasks executed in that time unit Then, in the schedule for S\ in time unit 2m(/- l)+i 
'm 

execute tasks ^2m(l • l)+i an< * ^ /•• an< * m tmie uwt ^V ' U+tn+i execute tasks X^/ . 
l)+m+i an( *T/. fbrl^i £m. This produces a schedule for S' in whkh no idle time exists. All 
that remains is to verify that no precedence constraints are violated. Clearly none of the 
constraint between the contour tasks are violated and none of the constraints of the form T' <' T 
are violated. Consider any constraint of the form V •< ' T ' . This means that V < T in S, so V is 
executed before T in the schedule for S. Then in our constructed schedule for S' , V executes 
before both T' andT. Hence, none of the precedence constraints is violated and a valid schedule 
of length d' exists for S'. D 

Qaim : If a schedule of length d ' exists for S' , men a schedule of Icngtli d exists for S. 

Proof 

Consider a schedule of length d ' for S' . Since d ' = 2dm, contour task X; must execute in time 
unit i of the schedule. The regular tasks must then execute m the processor units not being used 
by the contour tasks. These remaining processor units have a very particular distribution. The 
first m time units of the schedule each has one processor unit available for regular tasks, the 
second m time units each has two processor units available for regular tasks, the diird m time units 
each has one processor unit available for regular tasks, and so on. The pattern of m time units 
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with one processor unit available and then m time units with two processor units available repeats 
itself d times. We will call the ith set of m time units band i. Th& pattern and the no idle time 
observation combine to force the "primed" regular tasks to execute only during time units when 
one processor unit is available, and the "unprimed" regular tasks to execute only during tune 
units when two processor units are available. This is shown in Figure*. 2. 

Therefore, the schedule for S is as follows: In time unit /of the schedule, execute the fasts 

corresponding to the m (unprimed) regular tasks executed in band 2/ of the schedule for S'. This 

schedule clearly meets the deadline of d and since each task in roofiesponds to an unprimed task 

in V , each task in T is executed at some time unit of the schedule. All that remains is to verify 

that the precedence constraints are not violated. Consider any precedence relation V < T m S. 

The relations V < • T* and T ' < ' T are in S'. Suppose V ; and Tvfcre executed in the same band in 

the schedule for S' . Then T* would also be executed m that band. But primed regular tasks 

must be executed in bands with only one processor unit available per nme unit. Contradiction. 

Thus, in the schedule for S' , V is executed in some band before the band that T is executed in, 

hence Vis executed before Tin the schedule for 5. Therefore, a valid schedule exists for S. D 

Finally, we note that 12CONCURRENCY is obviously in NP, hence it is NP-oomplete. O 

We conclude this section by noting that by using a straight-forward modification of the contour tasks, it 

can be shown that 12CONCURRENCY is NP-complctc for any fixed number of processors m > 3. 

83 Worst case bounds 

In this section we show that for concurrent UET task systems, the ratio of the length of an arbitrary 
list schedule for the system to the length of an optimal schedule is bounded above by (2m-r)/(m-r+ 1), 
where r is the maximum degree of concurrency. As noted earner, when r = 1 these systems become 
basic UET task systems. In this instance, our bound becomes 2 - 1/m, which is the corresponding bound 
for bask systems as given by Graham [G66J. In this section we also show mat concurrent UET task 
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Figure 8.2 : The schedule produced by the contour tasks and deadline 2dm. 



Band 




Regular tasks must execute in the cross-hatched time units ~ primed tasks in odd numbered bands and 
unprimcd tasks in even numbered bands. 
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systems exist for which the rati© of the length of a list schedule for tfiis system to die length of an optimal 

schedule is L(2m-r)/(m-r + 1)J. 

8.3.1 An upper bound 

Jh^ssstfL3^-:^S-^ <T, <,m,C> be a concurrent UET tas^ sy^ej»,#lieii r jMheihaxfeuim degree of 

concurreacy iaC IlieftUSX/OFr^(2nurM8W+l)w i C * r , 

Proof 

Let OPT be the length of an optimal schedule for S and let LIST be the length of an arbitrary list 

.■ ■ ■- ■■'■■■. "'■'■••'. "'•■'■- "'•'_ ' -'■ - : ■-- ■'■■ "''"">■ 

schedule lor 5. First we give a lower bound on the length of an optimal schedule. Let b; be the length 

of a critical path in die dag for <, and let a = 2 q 4 such that Tj € T. This is the total number of 

processor units required for the actual execution of tasks in T. An optimal schedule must be at least as 

long as the length of a critical path for the system and must be at least as long as a schedule with no 

idle time for a task system requiring a processor units. Thus, OPT > max(h, «/m). 

Next we give an upper bound on the length of an arbitrary list schedule. Consider any time unit / 
of the schedule which has more than r - 1 idle processors. Because there are at least r idle processors in 
that time unit, all unexecuted tasks must be successors of the tasks executing in that time unit Let k be 
the highest level which has a task executing in time unit /. Since a task is only a predecessor of tasks at 
lower levels then the task's own level, time unit / must be the last time unit during which tasks at level 
k arc executed. Therefore, there are at most b time units in which more than r - 1 processors are idle. 
At all other time units at least m-r+1 processors must be executing tasks. Hence, LIST < 
h+(o-h)/(m-r+l). 

. " . LIST/OPT < [h +(a-h)/(m-r+ l)]/max(h,a/m), which, by a simple case analysis, reduces to 
LIST/OPT <(2m-r)/(m-r+l). □ 

8.3.2 A lower bound 

The remainder of this section is devoted to showing that concurrent UET task systems exist for 



-137- 
which there are list schedules such that the ratio of the length of the schedule to the length of ah optimal 
schedule asymptotically approaches L(2m-r)/(m-r-f 1)J. While this is not exacdy the bound derived 
above, the difference is less than one. 

Assume that m, the number of processors, and r, the maximum degree of concurrency are given. 
Let n be any positive integer. The following three sets of tasks will be used to construct the desired task 
systems: 

An A-strncturc consists of: Tasks Ay for 1 ^ i <> m-r + 1 and 1 < j <J n, where q A .. = 1. 

A ij < A ij+ 1 for 1 ^ J ^ n * 1 and * £ * Sm-t+l, 
A JLsinicjyis consists of: An A-stmcture. 

Tasks Bj, for 1 <. i < Lm/rJ, with qg. = r. 
Bj < Ajj for 1 < i < Lm/rJ and! ^j^m-r+l. 
A C-stmcture consists of: Tasks Cj, for 1 £ i < Lm/rJ, with o^. = r. 

Tasks Dj for 1 £ j < n, withqp. =s 1. 
q < Dj for 1 < i <> Lm/rJ. 
These three structures arc shown in Figure 8.3. 

Next we give the specifications for a task system for which a list schedule with the desired length 
relative to an optimal schedule exists. We letb = Lm/(m-r+l)J. There arc two cases to consider. 
Cass 1: m/(m-r+ 1) is an integer, hence b = m/(m-r+ 1). 

Consider the following task system S = <T, <, m, O, where r is the maximum degree of 
concurrency in C. T and < consist of the tasks and associated precedence constraints from one 
A-structurc and b-1 B-structures. ITiis system is shown in Figure 8.4a. The system consists of (b-1) 
Lm/rJ independent tasks each with concurrency r, and n(m-r+l)b = nm tasks each with 
concurrency 1. Note that these tasks with concurrency 1 form m independent chains of n tasks each, 
and that an optimal schedule requires at least n time units after the last task with concurrency r is 
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Figure 8.3 : Sets oftasks used to construct task systems 
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Figure 8.4 : A task system and two schedules - case 1 
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executed 

The following is an optimal schedule: In the first b-1 time units execute all of the tasks with 
concurrency r by executing Lm/rJ jjasks with concurrency r at each time unit (and allowing any 
processor units not used by those tasks to be used to execute any available tasks with concurrency 1). 
Complete the schedule by executingthe remaining tasks with concirfpency 1 in the. final n time units. 
The schedule is shown in Figure 8.4b. An optimal schedule thus has length b+ri-1. Call this value 
OPT. 

Now consider the following schedule. In the first n time units execute the tasks in the 
A-structure. Then execute the tasks wiuYiXHKurrency .xltamo^ by the 

tasks in the A-structure associated with that B-structurc. This Requires n+1 time units. Continue by 
executing the other B-structurcs, one at a time in the! same mariner, until all tasks are executed. The 
schedule is shown in Figure 8.4c. The length of the schedule is a+(b-lKn+ 1) = bn-f-b-J. Call this 
valueLBT. '•;,,'".".-. 

.'. LIST/OPT = (bn+b-Mn+b-Dandlimit,, _^ & LIST/OPT = b. Fuirteaooie, 
b = m/(m-r+l) which is an integer. Thus,b = m/(m-r+l)+L(in-r)/(m-r+i)J = 
L(m+(m-rMmr+l)J^L(2m-r)/(m-r+l)J. ! 
. ' . limit,, ^ a, LisT/OPT = L(2m-r)/(m-r+ 1)J. 
Case 2: m/(m-r+l) is not an integer. 

Consider the following task system S - <T, <, m, O, where r is the maximum degree of concurrency 
inC. Tand< consist of urc tasks and associated constrain^ from one A-&^ 
and one C-structurc. This is shown in Figure 8.5a. Similarly to Case 1, an optimal schedule first 
executes the tasks with concurrency r and then completes the execution of the tasks with concurrency 
1. This is shown in Figure 8.5b. An optimal schedule has length OPT = b+n. Also, there is a list 
schedule which first executes the tasks in the A-structure, then executes the tasks in each of the 
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Figure 8.5 : A task system and two schedules - case 2 
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B-structures, and finally executes the tasks in the OStrueftire. Thisschiklufcis shown In Figure 8.5c. 
k has length LIST = n+b(n+l) * n(b+l)+b. 

.'. LIST/OPT = Mb+lHbWb+flJandlimi^ ,_, «, LIST/OPT = b+L Butm/(m-r+^isnot 
an integer. Thus, b+1 = Lm/(m-r+l).| + l = L(m-l)/(m-r+l)J+l = I 
L((m-l)+(m-r+ l))/(m-r+ l)ii= L(2m-r)/(nvr+ 1)J. 
• '. Unii^.^ oo LIST/OPT = L(2m-r)/(r»:rTH) J. > Q 

8.4 A restricted problem 

We examine concurrent UET task systems in which C = {1,2}. As shown earlier, for any fixed 
number of processors exceeding 2, the scheduling of such systems is NP-compJete. In this section we 
give a polynomial time algorithm which produces optimal schedules on two processors. This algorithm is 
a modification of the algorithm given by Coffc&an and Graham [CO] which produces optimal schedules 
for basic UET task systems on two pr ocess o rs. 
Assume that S » <T, <, m, {1,2} > is a concurrent UET task system The algorithm is as follows: 

1. Add all transitive edges to the dag representing <. 

2. Remove all tasks with concurrency two from this system along with any precedence constraints 
directly involving them. This yields a basic UET task system (i.e. without concurrency) S' = 
<T\ < ' . m>. Call this the underly in g system . 

3. Remove all transitive edges from the dag representing <' . 

4. Use thetaffrnan-Graham algorithm to produce a list which can be used to schedule 5'. 

5. Append (in any order) the tasks with concttrcency two to the front of the list This new list can be 
used to schedule S. 

Essentially, the tasks with concurrency two are removed from the original system, a schedule is found for 
the underlying system and then each task with concurrency two is fit into that schedule as soon as all of its 
predecessors have been executed. 
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Theorem &&'. The algorithm given above produces optimal schedules for concurrent UET task systems 

(in which each task has concurrency 1 or 2) on two processors. 

EffiQf. 

Suppose the schedule produced by this algorithm is not optimal. Let 'OPT' be- an optimal schedule. 
Because mere are only two processors, if a task with concurrency two is executed at some time unit, 
then no other task can be executed at that time unit This means that the tasks with concurrency two 
can be removed from OPT, and the schedule compressed to get a schedule for the underlying system. 
Two things should be noted about diis schedule for the underlying system: 

1. It is a valid schedule, since V < ' T in 5" if and only if there exists a (possibly empty) sequence 
of tasks P^ ... , P k , such that V < P x < ... < P k < Tto 5, 

2. It is necessarily shorter man the schedule produced for the underlying system in step 4 of the 

algorithm. 
But an optimal schedule for the underlying system results from the list which was produced in step 4, 
hence a contradiction. □ 
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